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ABSTRACT

One of the main challenges of modern cosmology consists of confirming,
or even disproving, inflation. In the simplest models, a single scalar field
drives the acceleration of the early Universe thanks to a flat potential or
derivative self-interactions. In the latter case, however, in order to avoid
possible instabilities, only single derivatives acting on the field are usually
considered in the Lagrangians.
In the present work, using an effective field theory point of view, we
explore theories of single-field inflation where higher derivative operators
become relevant, affecting in a novel way the dynamics and therefore the
observations. For instance, concerning the scalar spectrum, they allow for
measurable equilateral non-Gaussianity, whose amplitude can differ significantly from the predictions of other existing models.
Moreover, we show that the stability and the consistency of such theories
are ensured by an approximate Galileon symmetry. Indeed, being generically possible to build an invariant theory under Galileon transformations
in flat space-time, it is instead well known that such a symmetry is unavoidably broken by gravity. In principle, this might ruin the nice and interesting properties of the Galileons in flat backgrounds, such as the nonrenormalization theorem. However, we find that this does not happen if the
Galileon invariance is broken only weakly, in a well defined sense, by a suitable coupling to gravity, providing therefore an extension of the quantum
non-renormalization properties in curved space-times.
Hence, besides discussing the phenomenological consequences and the
observational predictions for inflation, we apply such Galileon theories to
the context of the late-time acceleration of the Universe.
In the last part, in order to probe non-standard primordial scenarios,
they are also employed in a cosmology where the Big Bang singularity is
smoothed down and the Universe emerges from a Minkowski space-time,
in a well defined extension at all times of the Galilean Genesis scenario.
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Part I
INTRODUCTION AND BASIC TOOLS

1
INTRODUCTION

Sed quoniam docui solidisssima materiai
corpora perpetuo volitare invicta per aevom,
nunc age, summai quaedam sit finis eorum
necne sit, evolvamus; item quod inane repertumst
seu locus ac spatium, res in quo quaeque gerantur,
pervideamus utrum finitum funditus omne
constet, an immenum pateat vasteque profundum.
— Titus Lucretius Carus, De Rerum Natura (951-957, Liber I).
Physics is the highest human effort to get a faithful description and knowledge at fundamental level of Nature. The complementarity between observations on one side and theoretical work on the other defines our current
scientific paradigm. Evading the concept of reproducibility in the common
sense in physical experiments, cosmology crucially relies almost uniquely
on an accurate measurement and understanding of light signals from the
sky. For this reason, many important discoveries have been attained only
recently, thanks to significant technological improvements.
In this context, an example is provided by the Cosmic Microwave Background (CMB). Since its discovery in 1964 by Arno Penzias and Robert Wilson, it has been playing a key role in the understanding of the features of
the early Universe. Consisting in black body radiation at a temperature of
about 2.73°K, homogeneously and isotropically distributed in the sky, it represents a fundamental snapshot of the Universe at redshift z ' 1100 (∼ 105
yrs).
More recently, precision measurements on the CMB map, that started with
the COBE experiment, launched in 1989, were able to reveal small temperature fluctuations. These anisotropies, that appear in the temperature distribution as a result of an intrinsic anisotropy on the last-scattering surface and
combined effects acquired by photons during their travel, are surprisingly
very small, being of order δT/T ∼ 10−5 . Fig. 1.1 shows the measurement of
the CMB angular power spectrum, obtained by Planck Collaboration [1].
The CMB represents the overall dominant component in the photon content of the Universe, but it is not the only radiation source. Indeed, valuable
information can be gained from the spectroscopy of the photons coming
from galaxies and stars. The first example of this, which contributed to the
definition of modern cosmology, is due to Edwin P. Hubble, who in 1929
was able to relate the recession velocity of galaxies to their relative distance,
studying from Mount Wilson Observatory the brightness of Cepheid stars
and the redshift in the spectrum of radiation. Soon after Hubble’s discovery,
supernovae became the most promising candidates for probing the largescale geometry of the Universe and measuring the cosmic expansion. Indeed, thanks to the higher luminosity, they can be observed from more than
103 Mpc away, a large number in comparison with the maximal distance
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Figure 1.1: The Planck 2015 temperature power spectrum [1]. The best-fit base
ΛCDM theoretical spectrum fitted to the Planck TT+lowP likelihood is
plotted in the upper panel. Residuals with respect to this model are
shown in the lower panel. The error bars show ±1σ uncertainties.

of a visible Cepheid star, being of order of 10 Mpc. Moreover, supernovae
of type Ia turn out to have remarkably similar peak luminosities, leading
to the possibility of estimating the relative distances just by looking at the
light curves. The use of supernovae as reference candles allowed to improve
the estimation of the Hubble parameter and led to the first evidence of the
current cosmic acceleration in the late 1990s [2, 3].
Finally, combining the analysis of the CMB power spectrum and the study
of the light signals coming from the other sources of radiation in the Universe offers the following summarizing picture, that describes the current
status of knowledge:
• the Universe is expanding and accelerating;
• it is very homogeneous and isotropic;
• it is extremely flat;
• temperature fluctuations in the CMB are tiny and are the tracks of the
density perturbations on the last-scattering surface, which are in turn
intimately related to spatial gradients in the gravitational potential;
• primordial scalar perturbations are almost scale-invariant and adiabatic;
• within the limits of the experimental sensitivity the distribution of the
primordial perturbations is Gaussian;
• there is not any observation of primordial tensor modes, whose amplitude is currently constrained in terms of an upper bound.

introduction

Given these experimental evidences, the global cosmic history can be reconstructed according to our understanding of particle physics and fundamental interactions. The current picture suggests that the Universe should
have started in a very hot era, gradually reducing its temperature during the
expansion and passing through different phases, where composite particles
are generated and decoupling phenomena occur depending on the typical
energy scales (Hot Big Bang model).
However, in a standard decelerated expansion the current spatial flatness
requires a tuning of the initial value in the past and the observed sky turns
out to be composed by many sectors, which would correspond to causally
disconnected patches at early times, characterized by an almost equally
tuned value of the mean temperature. Therefore, the high isotropy in the
CMB temperature map and the accurate degree of flatness observed in the
current Universe would be explainable only in terms of very specific initial
conditions1 without a further justification.
In modern cosmology the standard accepted paradigm, providing a simple explanation of these features, is called inflation. Believed to have occurred
soon after the Big Bang, it consists in an epoch of exponential expansion of
the early Universe, able in principle to explain the high level of flatness, the
observed large-scale homogeneity and the isotropy in the CMB temperature
map. Moreover, inflation provides a fair explanation of the origin of the primordial density perturbations, which have been the seeds for the large-scale
structure formation later in the Universe evolution, being directly related to
the quantum fluctuations of the inflaton, the quantum field responsible for
the exponential expansion of the early stage.
Nevertheless it is fair to say that inflation is not the only possibility. In
fact, in accordance with observations, there exist different models which
seem to be good candidates to shed light on the early Universe evolution. It
is worth emphasizing that, in order to either disprove or confirm inflation,
a thorough analysis of these alternatives is deserved and necessary.
After this first part, where notations and formal tools are presented, in
Part II the standard inflationary paradigm will be investigated thoroughly
from the point of view of a particular kind of symmetry transformations,
and a new class of theories will be introduced and applied to the early Universe evolution, briefly commenting also on the current dark energy driven
phase.
Furthermore, in order to investigate the possibility of deviations from the
standard Big Bang scenario, Part III will be devoted to the introduction of
an alternative cosmological evolution, which we will show to be degenerate
with inflation in the observational constraints fixed by recent experiments.
Finally, more technical comments are collected in the appendices.

1 They are usually called horizon and flatness problems, respectively.
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2
T H E I N F L AT I O N A R Y E P O C H

We are left in a situation which would be untenable with the old mechanics. If the
universe were simply the motion which follows from a given scheme of equations of
motion with trivial initial conditions, it could not contain the complexity we
observe. Quantum mechanics provides an escape from the difficulty.
— Paul Adrien Maurice Dirac, The Relation between Mathematics and Physics,
Proceedings of the Royal Society (Edinburgh) Vol. 59, 1938-39, Part II.
In the introductory chapter, we outlined the relevant observational features of the Universe and we gave a hint of the commonly accepted theoretical paradigm. As one could have inferred, at the very fundamental level,
our understanding of the Universe relies on General Relativity and Quantum Mechanics. The former clearly provides an explanation of the large
scale physics, where gravity becomes the most relevant interaction. On the
other hand, because of the primordial accelerated expansion, also the latter
affects the macroscopic scales. Indeed, during inflation the quantum fluctuations of the inflaton are excited and stretched over large distances, exceed
the Hubble radius and their amplitudes remain frozen until they re-enter
the horizon after the end of the accelerated phase, leaving their imprints in
the CMB anisotropies and being responsible for the growth of the structures
we observe today.
In this chapter, we provide some notations and terminology, which will
be useful in the subsequent parts, and we define the standard inflationary
paradigm, emphasizing the role of symmetries in the understanding of the
general features.
2.1

the friedmann-robertson-walker universe

Because of the observed isotropy and homogeneity of the Universe, it is
natural to adopt the metric describing a maximally spatially symmetric
Friedmann-Robertson-Walker (FRW) space, given by
ds2 = −c2 dt2 + a(t)2





dr2
2
2
2
2
,
+
r
dθ
+
sin
θ
dϕ
1 − kr2

(2.1)

where a(t) is the cosmic-scale factor, k is the curvature signature and (r, θ, ϕ)
are the comoving coordinates. The curvature radius is given by the combination Rcurv = a(t)|k|−1/2 .
Moreover, because the Universe appears spatially flat, it is enough to consider the case of null curvature, that is k = 0:
i
h

ds2 = −c2 dt2 + a(t)2 dr2 + r2 dθ 2 + sin2 θ dϕ2
.
(2.2)
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The conformal time τ is usually defined through the differential equation
dτ =

dt
a(t)

(2.3)

and the Hubble function is introduced as
H (t) ≡

ȧ(t)
.
a(t)

(2.4)

In order to determine the cosmic evolution, the FRW metric (2.1) is employed in the Einstein equations,
8πG
1
Rµν − Rgµν + Λgµν = 4 Tµν ,
2
c

(2.5)

where Tµν is the stress-energy tensor and Λ the cosmological constant, obtaining the Friedmann equations
 2
ȧ
8πG
kc2
Λc2
H =
=
ρ− 2 +
,
a
3
3
a


ä
Λc2
4πG
3p
Ḣ + H 2 = = −
ρ+ 2 +
.
a
3
3
c
2

(2.6)
(2.7)

Inflation is defined to be an evolutionary stage such that
d
( aH )−1 < 0 ,
dt

⇔

ä > 0

(2.8)

that is an accelerating expansion or equivalently a phase with a decreasing
Hubble radius. In principle, such an evolution could seem a quite exotic way
to explain the observational data and solve the apparent primordial inconsistencies of the Hot Big Bang model, but actually it is not so peculiar given
that our current Universe is undergoing an accelerated expansion as well.
Even though in principle Λ satisfies the requirement (2.8), the physics of the
primordial acceleration and the succeeding evolution can not be explained
in terms of a mere cosmological constant, therefore we will neglect it for
the moment. Inflation can be achieved violating the Strong Energy Condition (SEC), ρc2 + 3p ≥ 0. In particular, a phase characterized by an equation
of state of the form p = −ρc2 , saturating the Null Energy Condition (NEC),
ρc2 + p ≥ 0, is called de Sitter and has clearly H = constant.
Geometrically thought as an hyperboloid embedded in a Minkowski space
of one higher dimension, a de Sitter space-time is a maximally symmetric
space-time described by the metric
ds2 =

1
H2 τ2




−c2 dτ 2 + d~x2 = −c2 dt2 + e2Ht d~x2 ,

(2.9)

whose isometry group is SO(4, 1). The corresponding algebra so (4, 1) is generated by 10 isometries, defining its dimension. These are the spatial translations and rotations, the dilations
τ → λτ ,

~x → λ~x ,

λ ∈ R,

(2.10)

and the additional transformations
τ → τ − 2τ ~b · ~x ,



xi → xi + bi −c2 τ 2 + ~x2 − 2xi ~b · ~x ,

parametrized by an infinitesimal vector ~b.

(2.11)

2.1 the friedmann-robertson-walker universe

Assuming that a (quasi) de Sitter space-time is a valid description of the
early Universe accelerated expansion, the previous isometries can be used to
infer general and model independent predictions for the observables [4, 5, 6].
This makes the analysis of exact and approximate symmetries extremely
useful. For instance, the time-evolving background does not spoil the homogeneity and the isotropy, making spatial translations and rotations exact
symmetries of the system. This constrains in an clear way the two-point function of the spectrum [4, 5] that we are going to define in (2.22). Moreover,
because of the time-dependence, the background spontaneously breaks the
other isometries, that are therefore non-linearly realized and will not show
up as an invariance at the level of the expectation values1 . This allows to
interpret inflation in terms of a spontaneous breaking of global symmetries
and the scalar perturbations as the Goldstone mode2 ζ associated with the
symmetry breaking pattern3
SO(4, 1) → spatial rotations + translations .

(2.12)

Actually, the approximate scale-invariance in the observed power spectrum
can be recovered imposing an additional internal shift-symmetry on the
background field. This automatically makes the two-point function approximately invariant under scale transformations [4, 5] and justifies why in the
great majority of inflationary models the shift-symmetry plays a key role.
It is worth noticing [6] that one could in principle try to do the same with
the transformations (2.11), looking for an extra symmetry to require for the
scalar field. The result would be an additional Galilean invariance, that we
will define later, being at the core of the present work. However, as we will
widely discuss, it can only be defined unambiguously in a Minkowski spacetime, being explicitly broken by the coupling to the metric in a curved background. Therefore, the correlation functions, probing the theory at a scale
comparable with the curvature, can not be invariant under the isometries
(2.11) [6].
We emphasise again that sooner or later the accelerated expansion has to
be connected to a standard hot FRW cosmology: in other words, the de Sitter
phase is equipped with a physical “clock” signalling the end of inflation and
defining a preferred time slicing of the space-time. This is provided by the
Hubble function H (t), which measures the changes during the background
evolution. As we will review in Chap. 3, being the leitmotiv of the present
work, this represents a guide principle in building a different approach to
study inflation, based on an effective field theory [16, 17, 18]. Here, the
breaking of the time-diffeomorphisms induces the presence of a Goldstone
boson4 π, interpreted as the adiabatic mode during inflation.
1 They will show up instead as non-trivial relations between different correlation functions. Indeed, it is worth emphasising that, while unbroken symmetries yield invariant correlators,
spontaneously broken symmetries are related to the presence of consistency relations.
2 As stressed in [7, 8], because the breaking pattern (2.12) involves space-time symmetries, the
number of Goldstone bosons does not necessarily match the number of broken generators
[9, 10, 11].
3 For further details, we refer also to [7, 12, 13, 14]. In particular in [7], using the isomorphism
between SO(4, 1) and the conformal group on R3 due to a one-to-one correspondence between
the ten solutions of the Killing equations for the maximally symmetric de Sitter group and those
of the conformal Killing equations in R3 [15], the existence of certain non-linear realizations of
the conformal symmetries for the curvature perturbation ζ – that we will define in Eq. (3.18) – is
studied in generality in any FRW background. Obviously, the spontaneously broken symmetries
are restored, and therefore linearly realized on the fields, in an exact de Sitter space-time.
4 The relation between the field π, associated with the spontaneous breaking of the timediffeomorphisms, and the curvature perturbation ζ in the comoving gauge is given in (3.19).
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2.2

quantum field theory in de sitter

From now on we will set the units to be h̄ = c = 1. We will introduce the
Planck mass MPl ≡ (8πG )−1/2 .
2.2.1

Background evolution

An inflationary epoch can be achieved just by means of a single scalar field.
The simplest action for the inflaton can be written as


Z
p
1 2
1
S = d4 x − g
MPl R − ∂µ φ∂µ φ − V (φ) .
(2.13)
2
2
Splitting the scalar field in
φ(t, ~x ) = φ0 (t) + δφ(t, ~x ) ,

(2.14)

where φ0 is the classical field, which governs the homogeneous and isotropic
evolution, and δφ represents the fluctuation, the background equations of
motion are
φ̈0 + 3H φ̇0 + V 0 (φ0 ) = 0
(2.15)
and the stress-energy tensor is
1 2
φ̇ + V (φ0 ) ,
2 0
1
p = a−2 Tii = φ̇02 − V (φ0 ) .
2
ρ = T00 =

(2.16)
(2.17)

In general, the requirement (2.8) of accelerating expansion can be also
expressed through the following inequality:
ε≡−

Ḣ
< 1.
H2

(2.18)

Moreover, a de Sitter configuration is reached for ε  1. In the particular case of the theory (2.13), this reduces to φ̇02  V (φ0 ), namely a potentially dominated expansion. Inflation can be sustained for a sufficient period of time only if such a rolling down evolution is slow, that is if |φ̈0 | 
| H φ̇0 |, V 0 (φ0 ). In the simplest case of a harmonic oscillator, V (φ) = m2 φ2 /2,
the slow-roll conditions yield φ  MPl . In principle, this does not ruin the
4 .
reliability of the model, provided that ρ  MPl
It is worth emphasising that this standard basic example is not the only
way to achieve a de Sitter evolution: as we will discuss, different configurations can yield a wider and more interesting phenomenology. A more
model-independent approach will be introduced in the next chapters.
2.2.2

Quantum fluctuations during inflation

As emphasised before, the quantum nature of the field during inflation is
crucial for the explanation of several phenomena during the cosmic evolution, yielding effects also at macroscopic scales. The fluctuations δφ of the
scalar field represent small deviations from the absolute homogeneity and
isotropy, and play a fundamental role in the construction of the current Universe. Being intimately related to the fluctuations of the metric through the
energy-momentum tensor Tµν and the Einstein equations, they represent

2.2 quantum field theory in de sitter

the seeds for the large-scale structure formation, which occurs essentially
via gravitational instability. In other words, the quantum field fluctuations,
which populate the accelerating expanding phase, are transferred to both
scalar density perturbations and gravitational waves.
First of all, during the shrinking of the comoving Hubble radius, once they
exit the horizon, the inflaton fluctuations are stretched, freeze and become
“squeezed”, giving us a direct access to the physics governing the primordial
evolution, without knowing the details of the reheating phase which links the
final steps of inflation and the beginning of a standard evolution dominated
by radiation and matter.
Moreover, once inflation ends and the comoving Hubble radius starts
growing up restoring a decelerating expansion, these classical frozen fluctuations eventually re-enter the horizon during the radiation or matter dominated phase and imprint deviations to the homogeneous Universe, giving
rise via the Poisson equation to matter (and consequently to temperature) perturbations δρ (δT), which grow and become non-linear. For example, they
manifest and contribute in the map of the CMB anisotropies, as measured
today.
Therefore, the quantization of δφ(t, ~x ) and the analysis of its dynamics
is necessary in order to understand the structure and the features of the
Universe. In order to work in full generality, we consider a generic scalar
field ζ (t, ~x ) and quantize it in a (quasi) de Sitter background.
Given an action of the form

Z
2
(2)
4
3
2
2 ( ∂i ζ )
Sζ = d x a N ζ̇ − cs
,
(2.19)
a2
√
where the field ζ (t, ~x ) has to be canonically normalized as ζ c ≡ ζ 2N and
the speed cs is now restored and generically set to be different from 1 for
future convenience5 , the solution in de Sitter space is
ζ (τ, ~x ) =
with

Z

i
d3~k h ∗ † −i~k·~x
i~k ·~x
f
a
e
+
f
a
e
,
~k ~k
(2π )3 ~k ~k

iH
f~k∗ ≡ p
(1 − ikcs τ )eikcs τ .
2 N (kcs )3

(2.20)

(2.21)

Under the hypothesis of homogeneity and isotropy the field correlator
hζ (τ, ~x1 )ζ (τ, ~x2 )i is expected to depend only on |~x1 − ~x2 |. Hence, the power
spectrum is defined as the Fourier transform of the two-point function of the
field,
Z
d3~k
~
P (k ) eik·(~x1 −~x2 ) ,
(2.22)
hζ (τ, ~x1 )ζ (τ, ~x2 )i =
(2π )3 ζ
and is equal to
Pζ (k) = | f~k |2 '

H2
4N k3 c3s

(2.23)

on super-horizon scales, i.e. for kcs τ  1. Often, the notation
∆2ζ (k) ≡

k3
Pζ (k)
2π 2

(2.24)

5 As anticipation, we assert that in presence of a time-dependent background and a privileged
time-slicing of the space-time, that breaks Lorentz symmetry, the presence of a non-unitary
speed of sound, cs 6= 1, should not surprise. We refer to Chap. 3 for further details.
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TT+lowP

TT+lowP+lensing

TT,TE,EE+lowP

ln(1010 As )

3.089 ± 0.036

3.062 ± 0.029

3.094 ± 0.034

ns

0.9655 ± 0.0062

0.9677 ± 0.0060

0.9645 ± 0.0049

−0.0084 ± 0.0082
67.31 ± 0.96

−0.0033 ± 0.0074
67.81 ± 0.92

−0.0057 ± 0.0071
67.27 ± 0.66

dns
d ln k

H0

Table 2.1: Confidence limits on some parameters of the base ΛCDM model, for various combinations of Planck 2015 data [19] at 68% confidence level, are
shown. The results are taken from [19]. In the analysis the pivot scale is
k ∗ = 0.05 Mpc−1 .

is preferred. Observations indicate a nearly flat power spectrum, namely a
power-law parametrization
∆2ζ (k)



= As

k
k∗

 n s −1
,

(2.25)

where As is the amplitude and k ∗ a fiducial moment, seems to be the most
natural. The parameter ns is known as scalar spectral index (or scalar tilt). An
exact flat spectrum has ns = 1, while spectra with ns < 1 and ns > 1 are
identified as “red” and “blue”, respectively. To account for more complex
behaviours, a running index is introduced by
∆2ζ (k )



= As

k
k∗

 n s −1+

dns
d ln k

ln

k
k∗

,

(2.26)

representing the rate of the spectral index in proximity of k ∗ .
We stress that the field ζ represents the comoving curvature perturbation,
that we will define later in (3.18). The confidence limits on some cosmological parameters are displayed in Tab. 2.1 [19]. The amplitude of the scalar
spectrum is found to be of order As ∼ 10−9 , while an unambiguous deviation from the scale invariant point ns = 1 has been confirmed. This is clearly
visible in Fig. 2.1 [19].
Some comments about the power spectrum are now in order. Even though
it has played an important role in the understanding of the Universe evolution, on the theoretical side it does not offer stringent constraints in the
model building and therefore is not able to shed light on the plethora of
inflationary theories. Indeed, as it is clear from (2.23), being sensitive to
many details, it has a lot of freedom in its flexible parameter dependence:
for instance, one can play with the shape of the potential (observe that in
the simplest models N ∝ ε/c2s [17, 20]), the speed of propagation cs of the
scalar perturbations and the number of fields that might have been present
during inflation. In other words, it is not difficult to adjust the free parameters in (2.23) to accommodate to the measured values. In this sense, the
analysis of possible departures from free-theories and a Gaussian spectrum
is potentially a discriminant among interacting models. In Sec. 2.2.3 we will
provide some terminology and tools concerning theories with non-trivial
self-interactions.
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Figure 2.1: The figure is taken from [19]. It shows the marginalized joint confidence contours for (ns , dns /d ln k) at the 68% and 95% CL (without
considering the tensor contribution), using Planck TT+lowP and Planck
TT,TE,EE+lowP. For comparison, also the Planck 2013 results are shown.

The previous analysis is valid also for the quadratic action of tensor perturbations obtained as leading order expansion of the Einstein-Hilbert action,
#
"
2 Z
(∂k hij )2
MPl
(2)
4
3
2
,
(2.27)
d x a (ḣij ) −
Sh =
8
a2
where hµν represents the deviation from the FRW background metric ḡµν =
diag(−1, a2 , a2 , a2 ), namely gµν = ḡµν + hµν . In the case of (2.27), the power
spectrum for tensor modes is
PT (k) = 2Ph (k) '

4H 2
,
2 k3
MPl

(2.28)

where the factor 2 stands for the two polarizations and, as before, H is evaluated at horizon crossing. In analogy with the scalar sector, the following
parametrization is introduced,
∆2T (k ) ≡

k3
PT (k) = A T
2π 2



k
k∗

nT
,

(2.29)

where n T is the tensor tilt. The relative magnitude of the scalar and tensor
perturbations is measured by the ratio
r≡

AT
,
As

(2.30)

known as tensor-to-scalar ratio, which is experimentally constrained to be
r0.002 < 0.11 (95% CL) at the pivot scale k ∗ = 0.002 Mpc−1 [19]. Fig. 2.2
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Figure 2.2: The Planck 2015 [19] marginalized joint contours for (ns , r ), at the 68%
and 95% CL, in the presence of running of the spectral indices, using
Planck TT+lowP and Planck TT,TE,EE+lowP. Comparisons from Planck
2013 data release are shown for comparison.

shows the confidence regions for (ns , r ), obtained by Planck Collaboration
[19]. For a more recent analysis see also [21].
In standard slow-roll inflation with minimal coupling to Einstein gravity,
the parameters r and n T are not mutually independent but are related by
the consistency condition [22]
r = −8n T .
(2.31)
It is fair to say that, contrary to what we have done in the action (2.19)
for the scalar field, we have not restored the speed of propagation c T of
tensor modes in (2.27). This would have led to a modification of the tensor
spectrum by a factor 1/c T . Now one might wonder about the reason of
this discrepancy with respect to the scalar case. The motivation relies on
the fact that one can not change the tensor quadratic and cubic action at
the leading order in derivatives [23]. Indeed, thanks to a suitable field reparametrization of the form


gµν → gµν + 1 − c2T (t) nµ nν ,
(2.32)
called disformal transformation [24], where nµ is the unit vector perpendicular
to the surfaces of constant time6 , the speed of propagation of tensor modes
can always set to be c T = 1. Moreover, an additional conformal transformation of the metric,
1
(2.33)
gµν → c−
T ( t ) gµν ,
can remove any time dependence in the overall factor, restoring the standard MPl coefficient and bringing the action back to the Einstein frame. In
6 We refer to App. A for further details.
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other words, at the leading order in the derivative expansion the gravity
sector is not modified [23]. Nevertheless, some remnant of the non-standard
dynamics of the tensor modes in the previous frame remains, for instance,
in the violation of the consistency condition (2.31) [25], which is as well as
all physical observables frame-independent.
The robustness of the tensor spectrum would make a possible measurement of primordial gravitational waves extremely interesting, because these
fix the energy scale of inflation, given by the ratio H/MPl in (2.28). Obviously, experiments with this purpose have to face several practical difficulties, essentially related to the purification of the signal from contamination
effects due to dust and non-primordial sources in the CMB polarization map.
Finally, we comment on the fact that sometimes any eventual evidence of
primordial tensor modes and a large tensor-to-scalar ratio is considered a
smoking-gun for the standard inflationary paradigm, ruling out alternative
cosmologies. Actually, this statement is not completely true and without
loopholes. In Part III of the present work, we will discuss about this point,
providing an example of an alternative cosmic evolution that could in principle accommodate sizeable values of r.
2.2.3

Non-Gaussianity

If the probability distribution function for the scalar perturbations is Gaussian, the two-point correlator is enough to encode the whole information.
This happens if the self-couplings of the scalar field driving the accelerated
expansion of the Universe are negligible: indeed, in this case the Fourier
modes can be treated independently. This occurs for instance in the case of
slow-roll inflation where the scalar potential is extremely flat. Otherwise, in
interacting theories deviations from a Gaussian statistics are expected.
The main reason of the interest in primordial non-Gaussianity lies in the
fact that it can probe the physics at the origin of the Universe, which involves
regimes of extreme high energy, inaccessible to laboratory experiments. A
possible measure of sizeable deviations from exact Gaussianity would discriminate among competing models of evolution. Indeed, a plethora of consistent mechanisms regarding the early Universe stage characterizes the current literature, predicting different amplitudes and shapes. As already emphasized, the CMB map contains the fingerprints of possible primordial nonGaussianity, which is transferred during the cosmological evolution from
inflaton fluctuations to temperature anisotropies.
However, this analysis has to deal with the presence of several mechanisms of generation of non-Gaussianity. Indeed, there are various potential
non-primordial sources, which contaminate the original signal one is actually interested in. They can be classified into four broad categories [26]:
instrumental systematic effects, residual foregrounds and point sources, secondary CMB anisotropies such as the gravitation lensing, and non-linear or
second order perturbative phenomena. For an exhaustive introduction to all
these effects we refer to [26] and references therein.
Now we briefly summarize some notation and terminology7 . We decide
to adopt the notation of [27] for the analysis of non-Gaussianity8 , which in-

7 See for instance [8] for a clear compendium on this topic and more in general for a nice introduction to inflation and related models.
8 See also [26, 28, 29, 30, 31, 32] and the references therein.
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volves the gravitational potential Φ, that enters the Newtonian gauge metric
parametrizing the scalar perturbations in the following way:
h
i
ds2 = a(τ )2 −(1 + 2Φ)dτ 2 + (1 − 2Ψ)d~x2 ,
(2.34)
where the condition Ψ = Φ arises from Einstein equations in absence of
anisotropic stress.
If the probability distribution of the primordial density perturbations
turned out to be non-Gaussian, in general it would exhibit non-trivial multiple correlators. Therefore, the first quantity to analyse is given by the threepoint function:

hΦ(~k1 )Φ(~k2 )Φ(~k3 )i = (2π )3 δ(~k1 +~k2 +~k3 ) BΦ (k1 , k2 , k3 ) ,

(2.35)

where BΦ is called bispectrum and the delta-function is a consequence of the
spatial homogeneity. However, experimental results are not given in terms
of BΦ but in terms of the combination
f NL =

BΦ (k, k, k)
,
6PΦ (k)2

(2.36)

i.e. normalizing with the power spectrum PΦ in the equilateral configuration,
|~k1 | = |~k2 | = |~k3 | = k. As we have already emphasised, the moments of the
distribution function could signal the presence of non-trivial interactions
in the inflaton Lagrangian. Thus, crucial information can be inferred from
the bispectrum in order to clarify the physics of inflation. Indeed, different
models can produce very different templates in the momentum dependence
of BΦ (k1 , k2 , k3 ). We remind now the three common shapes.
2.2.3.1

Local shape

A simple parametrization of non-Gaussianity preserving locality in space is
achieved by considering a non-linear function in the Gaussian field ΦL (~x ):
h
i
local
Φ(~x ) = ΦL (~x ) + f NL
ΦL (~x )2 − hΦL (~x )2 i ,
(2.37)
local is dimensionless. Since the amplitude of scalar perturbations
where f NL
is small, Φ ∼ 10−5 , the second term in Eq. (2.37) represents a subleading
local is not too big. Using the definition of power spectrum
contribution if f NL
hΦL (~k1 )ΦL (~k2 )i = (2π )3 PΦ (k1 )δ(~k1 + ~k2 ) and the fact that the field ΦL follows a Gaussian distribution, at the leading order the cubic correlator is

hΦ(~k1 )Φ(~k2 )Φ(~k3 )i = 2(2π )3 δ(~k1 +~k2 +~k3 )×
local
× f NL
[ PΦ (k1 ) PΦ (k2 ) + PΦ (k1 ) PΦ (k3 ) + PΦ (k2 ) PΦ (k3 )] . (2.38)

From Eq. (2.38) and the definition (2.35) we find
local
local
BΦ
(k1 , k2 , k3 ) = 2 f NL
[ PΦ (k1 ) PΦ (k2 ) + PΦ (k1 ) PΦ (k3 ) + PΦ (k2 ) PΦ (k3 )] ,
(2.39)
which defines the local template. In the equilateral configuration,
local
hΦ(~k1 )Φ(~k2 )Φ(~k3 )i = 6(2π )3 δ(~k1 +~k2 +~k3 ) f NL
PΦ (k)2 ,

(2.40)

in accordance with the definition (2.36). It is clear that this kind of shape
peaks in the region where one of the three momenta vanishes and the others
become equal. This configuration is called squeezed limit and usually strongly
characterizes multi-field models of inflation.
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2.2.3.2

Equilateral shape

The equilateral shape is well described by the template [27, 8, 33]
h
i
equil
equil
BΦ (k1 , k2 , k3 ) = f NL 6( P13 P22 P3 )1/3 − 3P1 P2 − 2( P1 P2 P3 )2/3 + perms. ,
(2.41)
where Pi ≡ PΦ (k i ). In this case, the momentum equilateral configuration
maximizes the shape. This template, as well as the orthogonal one, typically
arises in higher derivative interacting theories, as we will see later on.
2.2.3.3

Orthogonal shape

The orthogonal shape is parametrized by [27, 8, 32]
h
i
ortho
ortho
BΦ
(k1 , k2 , k3 ) = f NL
18( P13 P22 P3 )1/3 − 9P1 P2 − 8( P1 P2 P3 )2/3 + perms. .
(2.42)
The introduction of this new template with respect to the equilateral one
was inspired [32] by the observation that the combination (2.41) does not
cover alone all the possible shapes in the most general class of single-field
models. In other words, the template (2.41) arises for instance in DBI [34, 35]
and ghost inflation [36, 37] but it is not enough to parametrize all the cases
that are encoded in the effective action of inflation (see Chap. 3 for further
details), namely the parameter space of non-Gaussian shapes, generated by
the different Lagrangian operators, is larger than that one characterized simequil
ply by f NL .
It is worth noticing that, beyond the huge amount of inflationary scenarios, some model independent statements and consistency relations can be
proved [38, 39]. In particular, under the very general assumption of singlefield evolution, without any slow-roll approximation, one finds that the bispectrum is proportional to the scalar tilt in the squeezed limit [38]. In symbols,
lim hΦ(~k1 )Φ(~k2 )Φ(~k3 )i ∝ (1 − ns ) PΦ (k1 ) PΦ (k2 ) .
(2.43)
k 1 →0

This has been verified in [39] using the effective theory of inflation [16, 17],
that encodes in full generality all single-field theories. The main interests in
the consistency condition (2.43) are based on the fact that any experimental violation could support multi-field models, whose signals peak in the
squeezed configuration. The most recent bounds on f NL , strongly constraining the possibility of non-Gaussian deviations in the scalar spectrum, are
displayed in Tab. 2.2 [27]. Concerning the CMB data analysis, the Planck sensitivity seems to be almost saturated, due to the fact that not all scales are
accessible. Indeed, as it can be inferred from Fig. 1.1, Silk effects consisting
in damped oscillations fix a sort of upper limit on the multiple numbers at
`max ∼ 2000. However, some improvements can be reached in Large Scale
Structure (LSS) surveys, increasing kmax (see [8] and references therein).
In practise, given the importance of the three-point function in clarifying the fundamental theory of inflation, a thorough understanding of contamination mechanisms and secondary effects and the construction of multiple statistical bispectrum estimators9 are crucial in order to isolate the
real primordial signal. Moreover, such independent techniques in providing foreground-cleaned maps for CMB data are used in order to improve the
confidence of the final result, summarized in Tab. 2.2.
9 See [27], [26] and references therein for details.
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local
f NL

equil

f NL

ortho
f NL

SMICA(T)

SMICA(T+E)

2.5 ± 5.7
−16 ± 70
−34 ± 33

0.8 ± 5.0
−4 ± 43
−26 ± 21

Table 2.2: This table is taken from Planck Collaboration [27] and summarizes the
resulting values of f NL for different shapes, determined by the KSW estimator from the SMICA foreground-cleaned map, for temperature alone
(T) and for the combined temperature - polarization analysis (T+E). The
integrated Sachs-Wolfe lensing is subtracted. Error bars are 68% CL. For
notations and details about data analysis we refer to [27], where the comparison among different estimators and validation tests can be found.

In single-field models of slow-roll inflation a tiny level of non-Gaussianity
is predicted [20, 40], namely f NL ∼ O(ε). In order to have a long accelerated
expansion, intuitively this follows from the requirement of a very flat inflaton potential: in this sense, every non-derivative self-interaction of the form
φn /Λn−4 can only distort the Gaussian distribution of a tiny factor, at least
proportional to the slow-roll parameter, as shown by [20, 40]. The minimal
extensions of single-field inflationary models, able to allow for possible detections of non-Gaussianity, can be roughly summarized in some points:
• Multi-field models. Being not constrained as the inflaton by slow-roll
conditions for the background evolution, the fluctuations of these new
degrees of freedom can in principle possess a less Gaussian distribution, which can be imprinted into curvature perturbations.
• Theories with non-canonical kinetic term and higher-derivative operators.
In principle, derivative operators of the form (∂φ)2n /Λ4(n−1) , which
do not affect the background evolution, can be considered in the Lagrangian. However, some care is required. In fact, for instance in the
case n = 2, the cubic Lagrangian for the fluctuation ϕ ≡ δφ is

L (3) ∼

φ˙0
ϕ̇(∂ϕ)2
Λ4

(2.44)

and a rough estimation of the size of non-Gaussianity yields [41]
f NL ∼

2
φ˙0
.
Λ4

(2.45)

Eq. (2.45) leads to sizeable effects if |φ˙0 | & Λ2 , but in this regime the
derivative expansion can not be trusted any longer10 . The only loophole seems to be the presence of symmetries: only if the infinite series
of derivative operators can be re-summed, the condition f NL & 1 is
consistent. Such an example is provided by the Dirac-Born-Infeld (DBI)
model [34, 35], which predicts equilateral non-Gaussianity [33] with
the amplitude f NL ∼ 1/c2s [35, 42]. We will come back to this point in
Chap. 3. In Part II we will propose a different slow-roll scenario with
enhanced non-Gaussianity ( f NL ∼ 1/c4s ) in a well defined low energy
regime for an effective field theory. Another example is provided by
ghost inflation [36, 37], based on a derivatively coupled ghost scalar
10 See the next chapter for further details regarding effective field theories.
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field, which condenses in the background with a non-zero velocity,
predicting a sizeable magnitude for non-Gaussianity with respect to
the conventional inflation.
• Non-Bunch-Davies vacua. Standard cosmological models on a curved
space-time are based on the assumption that at early times and short
distances the inflaton quantum fluctuations behave as in a flat space.
This hypothesis can be relaxed: possible deviations from the standard
Bunch-Davies vacuum in the cosmic evolution would be imprinted
into the CMB map with a non-trivial bispectrum.
Obviously, more exotic scenarios than these minimal extensions to the
commonly accepted inflationary regime exist and can provide explanations
to possible detections of non-Gaussianity.
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Namque non potest aedis ulla sine symmetria atque proportione rationem habere
compositionis [...].
— Marcus Vitruvius Pollio, De Architectura, [III, 1].
Being the main theme of the present work, effective theories are briefly
introduced in the following section. Then, their application to inflation will
be discussed. Hence, this chapter will conclude the presentation of the key
ingredients that will be employed in Part II and III.
3.1

an overview

In most of systems in physics, a simple recipe seems to hold, that is the possibility of organizing the physical features at different scales. This means
that, up to some precision and at some energy or distance, only a limited
number of ingredients is required in order to have a sufficiently accurate
description of the related phenomena. In practice, because in most cases the
knowledge of the details of the physics at short distances does not affect
qualitatively the description at large length scales, the only understanding
of the relevant physical degrees of freedom and symmetries that govern the
low-energy dynamics is enough. This allows to parametrize the system independently of the details of the microscopic theory and represents a powerful
approach whenever the UV completion is not at hand.
This crucial property, which usually arises as an empirical evidence without requiring any justification, is at the basis of the Effective Field Theory (EFT) method. Formally, the heavy degrees of freedom (Φ) are integrated
out as
Z
iSEFT (φ)
e
≡ D Φ eiS(φ,Φ)
(3.1)
and one is left with an effective Lagrangian for the light fields (φ), which
contains a finite number of renormalizable terms of dimension four or less
and an infinite tower of non-renormalizable operators of larger dimension,
allowed by the symmetries of the system and suppressed by some scale Λ:

LEFT (φ) = ∑ ci
i

Oi ( φ )
,
Λ ∆ i −4

(3.2)

where ∆i are the dimensions of the operators Oi , which depend only on the
light fields φ, and the couplings ci are the dimensionless Wilson coefficients
that contain the information about the heavy degrees of freedom. For evident reasons, depending on the dimensions ∆i , we distinguish three types
of operators: relevant (∆i < 4), marginal (∆i = 4) and irrelevant (∆i > 4).
The effective Lagrangian (3.2) provides a faithful description up to a certain region of energies where new degrees of freedom are supposed to start
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contributing significantly and the theory breaks down. The exact domain of
validity is known if one has access to the full theory or to the characteristic
energy scales of the heavy fields. Otherwise, a fair estimation of the upper
limit for the effective description can be reasonably given in terms of the
strong coupling scale, which identifies the breaking of the loop expansion or
the violation of the perturbative unitarity.
Furthermore, even though infinite non-renormalizable operators are introduced in the Lagrangian (3.2), the predictive power and the consistency of
the theory below the cutoff are not ruined. In practise, in order to reproduce
the experimental results up to some finite accuracy, only a finite sub-set of
the sum (3.2) has to be considered. This makes the effective Lagrangian as
useful as the standard renormalizable theories.
The main strategy to build up explicitly an effective theory of the form
(3.2) essentially consists in defining the relevant low-energy degrees of freedom, identifying the symmetries of the system and writing down all the
admitted combinations of the field operators, organized in an appropriate
derivative expansion1 . We stress that the role of symmetries, exact and approximate, is crucial both to identify the significant effective Wilson coefficients and for their technical naturalness2 .
Two classic examples of effective theories are provided by the Fermi theory of weak interactions and the QCD chiral Lagrangian3 . In the former
case, the theory contains four-fermion vertices, which can be obtained integrating out the massive gauge boson fields in the full Standard Model Lagrangian. In the latter case, one tries to describe the physics of strong interactions at low energies, identifying the relevant ingredients as the Goldstone
bosons associated with the symmetry breaking pattern SU (3)L ⊗ SU (3)R →
SU (3)V . The important point is that, even if the fields of the resulting pseudoscalar octet do not represent the microscopic degrees of freedom of the full
theory, which are known to be quarks and gluons, one is able to capture
the low energy physics of the strong interactions just in terms of symmetry
considerations.
Some crucial information about the microscopic structure, underlying the
low-energy description (3.2), is encoded in the couplings ci . For instance,
the locality and the Lorentz invariance of the effective Lagrangian are not
enough to guarantee the existence of a UV completion in the form of a
Lorentz-invariant, local quantum field theory or a perturbative string theory [54]. At low energies, this obstruction translates into particular constraints on the couplings of the higher dimensional operators of the effective action. Indeed, in [54] it is argued that some apparently consistent
low-energy effective field theories, defined by local and Lorentz invariant Lagrangians, are secretly non-local and can not be embedded in any UV theory
whose S-matrix satisfies the usual analyticity conditions, losing therefore
any Lorentz-invariant notion of causality at the microscopic level. One IR
manifestation of such a failure is the superluminal propagation of the fluctuations around non-trivial backgrounds for some choices of the effective
coefficients. The simplest example is provided by the following Lagrangian
for a massless scalar field π with a shift symmetry:

L = −(∂π )2 +

c4
(∂π )4 + . . .
Λ4

(3.3)

1 Some of the many existing introductory references to effective field theories are [43, 44, 45, 46,
47, 48, 49].
2 For example, chiral symmetry, although inexact, is the central reason behind the technical
naturalness of fermion masses in the standard model of particle physics.
3 For further details we refer to the reviews [50, 51, 52, 53].
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At first sight, from the point of view of the mere construction of an effective
Lagrangian in accordance with the standard rules of a quantum field theory,
the coefficient c4 is completely arbitrary. Nevertheless, the theory (3.3) can
be embedded in a UV completion respecting the standard axioms of the Smatrix only if c4 > 0 [54]. As an example, this is exactly the constraint that
one finds integrating out the heavy Higgs field h in the Lagrangian
2

L = −|∂Φ|2 − λ |Φ|2 − v2 ,

(3.4)

Φ = (v + h) eiπ/v .

(3.5)

where
It is fair to say that the low-energy vacuum of the effective theory (3.3) is
well defined even if c4 ≤ 0, provided that the kinetic terms have the correct
sign. Problems arise once fluctuations around non-trivial backgrounds are
considered: indeed, expanding the Goldstone model (3.3) around the solution4 Cµ ≡ ∂µ π0 and introducing the fluctuation ϕ ≡ π − π0 , the linearized
equations of motion are [54]


4c4 µ ν
µν
−η + 4 C C + . . . ∂µ ∂ν ϕ = 0 ,
(3.6)
Λ
which in momentum space read

− kµ k µ +

4c4
( C · k )2 = 0 .
Λ4

(3.7)

The absence of superluminal excitations requires c4 > 0. There are analogous results for more familiar effective theories in particle physics. For
instance, in the case of the chiral Lagrangian the coefficients of some of the
four-derivative operators are forced to be positive as well. Indeed, we know
that the microscopic theory is QCD, which is a local quantum field theory.
3.2

an effective theory for inflation

As we emphasized before, basing the structure of an effective Lagrangian
on spontaneously broken symmetries makes it largely independent of the
specific physical realization. This justifies why effective field theories are
ubiquitous in physics. In particular, in the cosmological context we are interested in, this approach can offer new insights for instance in inflation
[16, 17, 18], dark energy [55, 56, 57] and the large-scale structure evolution
[58]. In the rest of the chapter we concentrate on inflation, following closely
the procedure introduced by [16, 17].
In order to build an effective theory of inflation, we have to capture its
most essential features, discussed in Chap. 2. By definition, inflation is a
quasi-de Sitter Universe satisfying the condition | Ḣ |  H 2 , that is an approximate time-translation invariance is assumed. Indeed, this period of
accelerated expansion has to end and has to be connected to a standard
decelerated evolution. Therefore a physical “clock”, measuring and scanning the status of the Universe, has to exist. This is a very general statement and transcends the microscopic details of the physics governing the
evolution. As in the case of the pion chiral Lagrangian, where the relevant
low-energy dynamics follows solely from symmetry breaking patterns and
ignores the fundamental constituents of the macroscopic degrees of freedom
4 We will assume Cµ to be a constant vector.
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that enter the effective theory, here the nature of such a clock is completely
irrelevant. Moreover, no matter what it is, performing a particular coordinate transformation, one can always choose a suitable setting for the clock.
To be more concrete, let us assume that inflation is caused by a scalar field
φ(t, ~x ) = φ0 (t) + δφ(t, ~x ), where φ0 (t) drives the homogeneous background
evolution and defines a privileged time-slicing, while δφ(t, ~x ) identifies the
field fluctuation. As a general fact, one can choose the unitary gauge defined
by the condition δφ ≡ 0, fixing the particular slicing in which the perturbations disappear from the scalar field and are eaten by the metric. Now,
in order to have a description of the scalar perturbations around the inflationary solution φ0 (t) in terms of an EFT, one has to write the most general
Lagrangian containing all the operators compatible with the symmetries, organized in a polynomial expansion in the number of derivatives: this guarantees that only few terms will be relevant at low energies. In the unitary
gauge, this is attained considering all the operators invariant under the unbroken time-dependent spatial diffeomorphisms xi → xi + ξ i (t, ~x ), while
any non-invariant term under the time diffeomorphisms t → t + ξ 0 (t, ~x ),
which are conversely broken, is allowed5 . For example, it is easy to realize
[17] that g00 is a scalar under spatial diffeomorphisms, therefore arbitrary
polynomials of g00 can appear, determining the only part of the effective
action without derivatives. Moreover, opting for the more convenient ADM
formalism6 ,
ds2 = − N 2 dt2 + γij ( N i dt + dxi )( N j dt + dx j ) ,

(3.8)

one can show that the most generic Lagrangian in unitary gauge is a function of the form F ( Rµνρσ , N, Kµν , ∇µ , t), where N = (− g00 )−1/2 and Kµν is
the extrinsic curvature, given in Eq. (A.10). Explicitly, it can be written at the
leading order in derivatives as
"
Z
2 
 c(t)
√ MPl
4
(3)
S= d xN γ
R + Kµν K µν − K2 + 2 − Λ(t)
2
N
1
+ M2 (t)4 δN 2 + M3 (t)4 δN 3 + . . .
2
− M̂1 (t)3 δNδK + M̂2 (t)3 δN 2 δK + . . .
#
1
1
− M̄1 (t)2 δK2 − M̄2 (t)2 δK µ ν δK ν µ + M̄3 (t)2 (3)RδN + . . . ,
2
2
(0)

(3.9)

(0)

where δN ≡ N − 1 and δKµν ≡ Kµν − Kµν , denoting Kµν the background
value of the extrinsic curvature. The first line in (3.9) is fixed by the FRW
background evolution,
2
c(t) = − MPl
Ḣ ,

(3.10)

2
Λ(t) = MPl
(3H 2 + Ḣ ) ,

(3.11)

while the other operators, with some arbitrary time-dependent coefficients
to be constrained experimentally, parametrize all the possible different theories of perturbations with the same unperturbed solution [17]. In the case
of the particular single field theory (2.13), at the background level one gets
2
φ̇02 = −2MPl
Ḣ ,

V (φ0 ) =

2
MPl
(3H 2

+ Ḣ ) ,

(3.12)
(3.13)

5 It is fair to say that there exist also other interesting symmetry breaking patterns realizing
inflation, see e.g. [59].
6 We refer to Appendix A for notations and more details.
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which agree with Eqs. (2.6)-(2.7) and (2.16)-(2.17). In other words, the standard slow-roll scenario corresponds to the case in which only the first line
survives while all the effective coefficients are set to zero. On the other hand,
the presence of higher order operators in Eq. (3.9) yields possible deviations
from it. Hence, these operators can provide in principle an interesting phenomenology, imputable eventually to more complex evolutions than the simple slow-roll inflation. For instance, they are responsible for a non-unitary
speed of sound cs – as a possible consequence of the spontaneous breaking of Lorentz symmetry – and sizeable amplitudes or new shapes for nonGaussianity in the scalar spectrum. All these possible effects are captured by
the single action (3.9), irrespective of the knowledge of any UV completion.
In other words, all single field models are unified in a single framework,
allowing to infer very general conclusions and encoding all deviations from
the standard slow-roll in the size of the higher order operators [16, 17]. In
terms of these, one can classify all the “microscopic” theories of inflation
(see the discussion in Chap. 8 and Tab. 8.1).
It is worth stressing that, as in every EFT, one should take care also of
loop corrections. This means that the choice of setting to zero some of the
tree-level coefficients in (3.9) might not be exact, because they could be generated quantum mechanically, unless symmetry arguments intervene. We
will further comment on these topics later on in the next paragraphs.
For future practical convenience, it is useful to introduce dimensionless
combinations of the effective parameters entering (3.9). We define7
α=
γ=

M̂13
,
2 H
2MPl

M̂13 + M̂23
,
2 H
MPl

β=
δ=

M24 + 6H M̂13
,
2 H2
2MPl

M34 − 3H ( M̂13 + M̂23 )
,
2 H2
MPl

(3.14)
(3.15)

that we will use several times in the rest of the work.
In Eq. (3.9) the full diffeomorphism invariance can be restored using the
Stückelberg trick, namely performing a broken transformation of the form
t → t + ξ 0 (t, ~x ) and promoting the parameter ξ 0 (t, ~x ) to a new field π (t, ~x ),
which has to transform as π (t, ~x ) → π (t, ~x ) − ξ 0 (t, ~x ) under time diffeomorphisms, in order to achieve a full gauge invariance. The new action obtained
in such a way is dynamically equivalent to the previous one, as can be easily
understood counting the number of degrees of freedom: indeed, the extra
degree of freedom contained in the action (3.9) and due to the lack of time
diffeomorphism invariance disappears from the metric and is simply made
explicit in π (t, ~x ) once the full invariance under the combined transformations
( µ
x → x µ + ξ µ (t, ~x )
(3.16)
π → π − ξ0
is restored. This will be explicitly done in Sec. 3.3. The field π, introduced
as the space-time transformation along the non-invariant direction, is nothing but the Goldstone mode which non-linearly realizes the spontaneously
broken time diffeomorphism invariance and parametrizes the scalar perturbations. This makes the analysis of inflation very general, independently of
7 Normalizing as in Eqs. (3.14)-(3.15) will be useful because we will explore the case in which
the parameters α, β, γ and δ take the values roughly in the interval (0, 1), as shown in (8.1).
The apparently complicated definitions (3.14)-(3.15) have been chosen purely for matter of
convenience. This choice turns out to be more transparent with the different parametrization
of the EFTI of App. D, where the relations (D.3)-(D.6) clearly justify it.
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what is really driving the accelerated expansion. In other words, π (t, ~x ) represents the perturbation corresponding to a common local transformation in
time for all matter fields, that are present during the evolution. In this sense,
it is legitimate to interpret it as the so-called adiabatic mode [16]. The convenience in the introduction of π is based on the fact that there could exist
a sufficiently high energy regime in which the mixing with gravity can be
neglected8 : in this case Eq. (3.9) reduces to a simple action of π only, which
now carries all the information about the dynamics. Otherwise, if gravity is
relevant at all scales a more involved computation has to be performed: this
will be widely discussed in the rest of the work.
It is worth noticing that in the de Sitter limit, without any explicit dependence on time in the action (3.9), i.e. if the effective coefficients are assumed
to be constant, the Goldstone field π appears with at least one derivative,
therefore the theory becomes automatically invariant under shifts,
π (t, ~x ) → π (t, ~x ) + constant .

(3.17)

A common choice for the metric fluctuations in the unitary gauge is called
comoving gauge and is given by
gij = a(t)2 e2ζ (t,~x) δij ,

(3.18)

where ζ (t, ~x ) is the comoving curvature perturbation. The relation that links
ζ (t, ~x ) to π (t, ~x ) at the quadratic level is
1
ζ = − Hπ + Hπ π̇ + Ḣπ 2 + . . .
2

(3.19)

Moreover, we remind that on super-horizon scales, in the matter dominated
era, the relation between the comoving gauge and the Newtonian gauge
(2.34) is ζ = − 35 Φ.
From the definition (3.18) we expect ζ = constant to be a legitimate solution, since gij in this case is obtained from the unperturbed FRW metric by a
mere constant rescaling of the spatial coordinates. Therefore, any operator
that would generate non-invariant terms under constant shifts in the equations of motion, is forbidden in the action. In particular, this means that the
field ζ is massless.
3.3

stückelberg trick and decoupling limit

This section is devoted to the restoration of the full diffeomorphism invariance in the action for perturbations. To this purpose the following transformations
(
t → t̃ = t + π (t, ~x )
(3.20)
xi → x̃i = xi
have to be performed. Moreover, recalling that under a general coordinate
transformation x µ → x̃ µ ( x ) the metric varies as
g̃µν ( x̃ ) =

∂x α ∂x β
g ( x ( x̃ )) ,
∂ x̃ µ ∂ x̃ ν αβ

(3.21)

8 In particle physics, this is known as equivalence theorem for massive gauge bosons. Analogously,
if the vector particle carries a mass, the lack of gauge symmetry is responsible for the appearance of extra longitudinal degrees of freedom. For a boson at rest, the different polarizations
are equivalent, being related simply by spatial rotations. Conversely, for a highly boosted particle, the longitudinal components become more relevant in such a way that for enough high
energies they determine the dynamics and the amplitudes in scattering processes [60, 61].

3.3 stückelberg trick and decoupling limit

the particular Stückelberg transformations (3.20) up to second order in π
lead to
gµν → g̃µν =
g00 (1 + π̇ )2 + 2gi0 (1 + π̇ )∂i π + gij ∂i π∂ j π

(1 + π̇ ) g0i + gki ∂k π

(1 + π̇ ) g0i + gki ∂k π

gij

!
(3.22)

gµν → g̃µν =
g00 (1 − 2π̇ + 3π̇ 2 )

− g00 (1 − 2π̇ )∂i π + g0i (1 − π̇ )

!
− g00 (1 − 2π̇ )∂i π + g0i (1 − π̇ )
g00 ∂i π∂ j π − g0j ∂i π − g0i ∂ j π + gij
(3.23)

where the inverse transformation t = t̃ − π + π̇π + . . . has been used.
Assuming a negligible mixing with gravity and a background metric of
the form gµν = diag(−1, a2 , a2 , a2 ), the previous equations simplify and
yield the following relations for the ADM variables in the action (3.9):
∂i π∂i π
+ O(π 3 ) ,
(3.24)
2a2
δKij → δKij − (1 − π̇ )∂i ∂ j π + ∂i π̇∂ j π + ∂i π∂ j π̇


1
k
+ H −2∂i π∂ j π + δij ∂k π∂ π + O(π 3 ) ,
(3.25)
2


H
δK → δK + a−2 −(1 − π̇ )∂2 π + 2∂k π̇∂k π + ∂k π∂k π + O(π 3 ) . (3.26)
2
δN → δN − π̇ + π̇ 2 +

The results (3.24)-(3.26) are obtained by simply neglecting all the terms
which contain the metric perturbation δgµν after a Stückelberg transformation. It is worth stressing that this applies only if a suitable energy regime,
in which the mixed terms are subleading and the evolution is driven only
by the Stückelberg field π, exists.
At this point, an illustrative example might be appropriate [17]. For the
moment, we focus only on the lowest order in derivatives, which is expected
to contain all the most relevant operators in the low energy limit. Hence,
assuming that the dominant mixing terms in the effective action (3.9) are
of the form ∼ M24 π̇δN, the decoupling limit is attained at energies E 
Emix ∼ M22 /MPl , once the fields are canonically normalized. The resulting
Goldstone action is
Sπ =

Z

2 Ḣ 
2
MPl
2
2 ( ∂i π )
π̇ − cs
d x −g −
c2s
a2




1
( ∂ π )2
4
2
− M34 π̇ 3 + . . . ,
+ MPl
Ḣ 1 − 2
π̇ 3 − π̇ i 2
3
cs
a
4

p



where
c2s =

2 Ḣ
MPl
2 Ḣ − 2M4
MPl
2

(3.27)

(3.28)

is the speed of propagation of the scalar perturbations. In a Lorentz invariant theory, the speed of massless modes is fixed by the covariant structure
of the kinetic term ∂µ π∂µ π to be cs = 1. In the present case, as already
anticipated, the circumstance cs 6= 1 should not be surprising, because the
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Figure 3.1: The figure, taken from [27], shows the 68%, 95% and 99.7% confidence
equil

ortho ) are obregions. Left: the bounds on the parameter space ( f NL , f NL
tained from the T + E constraints for a χ2 statistic with two degrees of
freedom and thresholds χ2 ≤ 2.28, 5.59 and 11.62 respectively. Right: the
confidence regions on the parameter space (cs , c̃3 ) are shown; marginalizing, [27] finds cs ≥ 0.024 at 95% CL (T + E).

background spontaneously breaks the Lorentz invariance. Phenomenologi2 H 2 is very attractive. Indeed, this correcally, the configuration M24  εMPl
sponds to small values of the speed of sound (3.28), c2s  1, and leads to
potentially observable non-Gaussianity. A rough estimation of the dominant
contribution yields
Lπ̇ (∂i π )2
ζ
Hπ
(3.29)
∼ 2 ∼ 2,
L2
cs
cs
where we used the fact that ω ∼ H and k ∼ H/cs around freezing. Taking
ζ ∼ 10−5 , that one infers from Tab. 2.1, Eq. (3.29) provides the size of the
non-linear corrections. The estimator of non-Gaussianity scales as
f NL ∼

1 Lζ̇ (∂i ζ )2
1
∼ 2,
ζ L2
cs

(3.30)

leading to possible measurable effects. The Planck Collaboration [27] is able
to constrain the values of the free parameters in the effective action (3.27)
2
from the bounds on f NL . Introducing the parameter c̃3 as c̃3 (c−
s − 1) =
2
4
2
2M3 cs /( MPl Ḣ ) [32], the experimental constraints on the effective coefficients are reported in Fig. 3.1.
We will come back to this example later in this chapter.
3.4

complete solution with mixing with gravity

The effective action (3.27) has been derived under two assumptions: first
we focused only on the operator proportional to M24 and then we neglected
mixing terms between the Goldstone field and the gravity sector. The decoupling limit procedure provides a very straightforward tool in the study of
the evolutionary dynamics because in this regime the action strikingly simplifies and contains only the field π, yielding a plain description of scalar
perturbations. However, there might exist situations in which it does not
apply. In these cases, also the metric perturbations have to be taken into account and they will appear in the action as well. In the present section, we

3.4 complete solution with mixing with gravity

analyse this possibility, extending the results of [20, 42] by including higher
derivative operators. Other useful references might be [62, 63]. Most of the
discussion is technical and the uninterested reader can skip it and move to
the next section.
The complete form of the transformation laws (3.24)-(3.26) of the previous
section is
γij → γij − Nj ∂i π − Ni ∂ j π + . . .
2

(3.31)

k

Ni → Ni (1 − π̇ ) + ( N − N Nk )∂i π + . . .


N → N 1 − π̇ + N i ∂i π + . . .

(3.32)
(3.33)


Kij → Kij − N∂i ∂ j π − 2 ∂i N∂ j π + ∂ j N∂i π


1
+ 2 ∂k π ∂i γ jk + ∂ j γik − ∂k γ ji + . . .
2a

(3.34)

up to second order in perturbations and in the de Sitter limit.
Nevertheless, for what we are going to deal with in the next part, the
unitary gauge with the parametrization (3.18) for scalar perturbations results to be a more convenient choice [20]. The action for π can be recovered
straightforwardly using the non-linear relation (3.19). In the next paragraph,
we scan the procedure leading to the action for the scalar perturbations,
highlighting the key steps of the computation.
Hamiltonian constraints in the effective theory of inflation

3.4.1

Ignoring tensor modes, the choice (3.18) fixes completely the gauge freedom,
with the field ζ describing the scalar fluctuations. One should notice that
the ADM variables N and N i in (3.9) appear without time derivatives: this
means that they are not dynamical but act instead as Langrange multipliers,
whose equations of motions are simply Hamiltonian constraints. Therefore,
in order to find the theory for the scalar degree of freedom, one has to solve
the constraint equations, obtained by varying the action with respect to N
and N i , and plug the solutions back into the action.
Explicitly, the equations of motion of N and N i are
2
MPl
2



2
R − K Kij + K + 2 Ḣ − 2(3H 2 + Ḣ )
N

(3)

ij

2



+ M24 δN − M̂13 (δK − 3HδN ) + (3 M̄12 + M̄22 ) HδK + M̄32 (3)R = 0 (3.35)
and
h
i
ˆ i M2 (K i − Kδi ) − M̂3 δi δN − M̄2 δi δK − M̄2 δK i = 0 ,
∇
2
1 j
1 j
j
j
j
Pl

(3.36)

respectively. It is worth noticing that, in order to obtain the action up to
the third order in ζ, it is enough to solve the equations (3.35)-(3.36) at the
linear level in perturbation theory9 . The solutions are then used to remove
the Lagrange multipliers and to obtain an action for ζ only, containing the
free part and the interactions.
3.4.2

Quadratic and cubic actions

At this point, it is instructive to provide an example of solution of the equations (3.35)-(3.36) in the case M̄i2 = 0. This choice will be conveniently justi9 For the proof we refer to [42].
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fied and the result will be employed in Chap. 7. With the ansatz Ni = ∂i ψ,
one finds
δN =

2
2MPl
2 H − M̂3
2MPl
1

ζ̇ ,

(3.37)

4 Ḣ + 2M2 M4 + 3 M̂6
−4MPl
1
Pl 2
ζ
+
ψ=−
2 H − M̂3
2 H − M̂3 )2
2MPl
(
2M
1
1
Pl
2
2MPl

  −2
∂
ζ̇
a

≡ Cζ + χ .

(3.38)

Plugging these solutions back into (3.9), all the tadpole terms cancel and the
quadratic action for the scalar perturbation reduces to the form (2.19) with
2
N = MPl

c2s =

4 Ḣ + 2M2 M4 + 3 M̂6
−4MPl
1
Pl 2
,
2 H − M̂3 )2
(2MPl
1

(3.39)

4 Ḣ − 2M2 H M̂3 + M̂6 − 2M2 ∂ M̂3
4MPl
1
1
Pl
Pl t 1
4 Ḣ − 2M2 M4 − 3 M̂6
4MPl
1
Pl 2

.

(3.40)

Obtaining the cubic-order action requires more work, but the procedure is
straightforward. Using the solutions (3.37) and (3.38) for the lapse and shift
perturbations yields the following result
#
"

Z
C3
(3)
2
2
3
4
Sζ = d x − aN cs ζ (∂i ζ ) + a C N + 4 λ ζ̇ 3 + 3a3 N ζ ζ̇ 2 +
MPl
h
i
2
2

M
2MPl
(3.41)
∂i ζ∂i ψ∂2 ψ+
+ Pl 3ζ + C ζ̇ (∂i ∂ j ψ)2 − (∂2 ψ)2 −
2a
a

2
3
3 2 2
+ aC ( M̂1 − M̂2 )ζ̇ ∂ ψ ,
where

i
2 h
MPl
2
2MPl
( M24 + M34 ) + 3 M̂13 ( M̂13 − M̂23 ) .
(3.42)
2
It will be convenient to recast the action (3.41) into a slightly different form.
In doing so, we omit a number tedious but straightforward manipulations.
At the end, one finds the following expression, equivalent to (3.41) up to a
total derivative,




 

Z
a3 N ( HC )2
3c2s
HC
(3)
$
−
3
+
ζ ζ̇ 2
Sζ = d4 x a3 N C 1 + 2 − λ0 ζ̇ 3 +
cs
c2s
( HC )2


c2s
2
+ aN ( HC ) $ − 2s + 1 −
ζ (∂i ζ )2 + 2aN HC ζ̇∂i ζ∂i χ
( HC )2


N c2s + 2 M̂13 C 2
a3 N d n( HC )2
N c2s
2
2
+
ζ
ζ̇
+
∂
ζ∂
χ∂
χ
+
∂ ζ ( ∂ i χ )2
i
i
2 dt
2a
4a
c2s

M̂3 C2
M̂3 C3
δL
+ 1 ∂2 ζ∂i ζ∂i χ + 1 (∂i ζ )2 ∂2 ζ + aC3 ( M̂13 − M̂23 )ζ̇ 2 ∂2 ζ − g(ζ )
.
a
2a
δζ
(3.43)
λ≡−

In the last expression, we have defined a number of quantities
n=

1 d
ln(N c2s ) ,
H dt

$=

1 d
ln( HC2 ) ,
H dt

s=

1 d
ln(cs ) ,
H dt

(3.44)

as well as
0

λ ≡C

3

( M24

+

M34 ) + C2 ( M̂13

−

M̂23 )

N
3 + 3HC − 2
MPl

!
.

(3.45)
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Furthermore, δL/δζ denotes the variation of the quadratic Lagrangian with
respect to ζ,
δL
2
∂t ( a∂2 χ) + 2aN c2s ∂2 ζ ,
(3.46)
= −2MPl
δζ
and the coefficient of this term in the action (3.43) is
g(ζ ) =

i
n( HC )2 2 HC2
C2 h
ζ + 2 ζ ζ̇ + 2 −(∂i ζ )2 + ∂−2 (∂i ∂ j (∂i ζ∂ j ζ )) +
2
4cs
cs
4a
i
C h
− 2 ∂i ζ∂i χ − ∂−2 (∂i ∂ j (∂i ζ∂ j χ)) . (3.47)
2a

As a quick consistency check, we note that the action (3.43) reduces to
the particular case of [42], with the following substitutions: M̂13 = M̂23 = 0,
C → − H −1 , N c2s → ε, n → η ≡ (d ln ε/dt)/H and $ → ε. In that case,
a small speed of sound implies large (equilateral) non-Gaussianity, f NL ∼
1/c2s . Our result generalizes the cubic action of [42] to the case of non-zero
M̂13 and M̂23 , which opens up qualitatively novel ways of generating large
non-Gaussianity, as we will explain in Chap. 7. For analogous computations,
we suggest also Refs. [62, 63].
The scalar power spectrum can be directly read off Eq. (2.23), where the
normalization factor N is given in (3.39). Moreover, the cubic action (3.43)
can be employed in computing non-Gaussianity. One finds that it contains
eight operators non-trivially contributing to the bispectrum. Using the standard in-in formalism [20, 64, 65] and the definition (2.35) for the bispectrum
in terms of the gravitational potential Φ, one finds

BΦ (k1 , k2 , k3 ) = 2

3
20

3

H4
N 3 c6s

8

∑ ci Si (k1 , k2 , k3 ) + cyclic ,

(3.48)

i =1

where the sum of Si (k1 , k2 , k3 ) encodes the relevant contributions. The explicit expressions are collected in App. B.
We have left out the operator ζ 2 ζ̇ in (3.43), since its coefficient is at most
of order ∼ ε2 , and it is not expected to affect the analysis in any significant way. Moreover, the last term in Eq. (3.43), being proportional to the
lower-order ζ equations of motion, can be removed by a field redefinition.
The latter also contributes to the three-point function of the conserved scalar
mode through the function g(ζ ) in (3.47). The contributions of the terms in
this function that include derivatives are suppressed at superhorizon distances. Moreover, the first term contributes to f NL by an amount that scales
as η/c2s (see e.g. [42]). We neglect this piece in the analysis, since it is always
expected to be sub-dominant: whenever non-trivial constraints from bispectrum arise, there are leading contributions, enhanced by at least a factor of
1/η compared to it.
3.5

the role of symmetries in the eft of inflation

Undoubtedly, the use of symmetries is fundamental in physics, allowing to
have a plain and smart description of the analysed system. In the case of
an EFT, as already emphasized, the notion of breaking pattern is one of the
main ingredients in the construction of the low-energy Lagrangian. Moreover, symmetry considerations are able for instance to justify why a small
Wilson coefficient can be technically natural. Conversely, the experimental
bounds on the size of the effective couplings can provide in principle some
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indications of a possible underlying symmetry and the features of the microscopic theory.
This section is devoted to highlight the role of the symmetries in the EFT
of inflation that are useful for our purposes. To this end, we start with a
straightforward fact, but of great relevance. Being an expansion in the ratio “derivatives/cutoff”, the leading operators in the action (3.9), mainly
affecting the observables, are expected to be those with the least number of
derivatives. In other words, for example, it seems reasonable to disregard
the Lagrangian operators proportional to M̂i3 compared to those with the
coefficients Mi4 . Namely, using the effective action (3.9) one expects to have
control only over the region M̂i3 H  Mi4 of the parameter space. The rest
would be out of the regime of validity of the EFT. Actually, one might wonder
whether there exist consistent and well defined effective theories of inflation
where for instance the operators δN 2 and δNδK are equally dominant. This
would be possible only because of suitable symmetries of the system. One
of the main original points of the present work is to assert that this is indeed
possible: we will provide an example in terms of a weakly broken symmetry
during inflation in Part II and roughly discuss the experimental bounds on
the effective parameters, in light of the recent observational results.
Furthermore, let us make some more quantitative remarks. To this end, we
come back to the simple example (3.27) and estimate first of all the unitary
cutoff scales Λ? corresponding to the interacting operators π̇ 3 and π̇ (∂i π )2
in the effective action. One finds [17, 32]
2
Λ4?,π̇ (∂ π )2 ' 16π 2 MPl
| Ḣ |
i

Λ4?,π̇3

'

c5s
,
1 − c2s

Λ4?,π̇ (∂ π )2
i

(c2s + 2c̃3 /3)

2

,

(3.49)
(3.50)

which are of the same order if c̃3 ∼ 1, while the theory becomes more and
more strongly coupled as cs → 0. One can prove that the choice c̃3 ∼ 1 and
cs  1, or equivalently M34 ∼ M24 /c2s , is technically natural10 [32, 66, 67].
In other words, if there are not symmetry considerations that protect the
Lagrangian coefficients against large quantum corrections, it does not seem
natural to have small M34 and large M24 : loop contributions would spoil such
a hierarchy. In our model of Part II, we will show that a weakly broken
symmetry during inflation conversely allows to have effective parameters of
the same order, namely the choice M34 ∼ M24 will turn out to be technically
natural.
For the moment, let us just provide an example of microscopic theory
which yields the scaling (3.30) and the hierarchy M34 ∼ M24 /c2s . It is DiracBorn-Infeld (DBI) inflation [34, 35], whose action reads
Z
q
h
i
p
SDBI = d4 x − g − f (φ)−1 1 + f (φ) gµν (∂µ φ)(∂ν φ) − V (φ) , (3.51)
where f (φ) is a function of the scalar field φ. The Friedmann equations
(2.6)-(2.7) yield
H2 =
Ḣ =

1
( f −1 γ + V ),
3M2P

(3.52)

1 1 − γ2
γφ̇2
,
=
−
2M2P f γ
2M2P

(3.53)

10 In particular, this scaling for the coefficients in the effective Lagrangian enhances the relevance
of the operator π̇ 3 to the operator π̇ (∂i π )2 , equally contributing in the estimation (3.29).
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where γ−1 ≡
SDBI =

Z

p

d4 x

1 − f φ̇2 . Expanding the action in the ADM perturbation δN,

M2 Ḣ
2
(3H 2 + Ḣ )
− g − Pl2 − MPl
N

1 3 4
1 5 4
2
2
3
+ γ f φ̇ (δN ) + γ f φ̇ (2 f φ̇ − 3)(δN ) + . . . . (3.54)
2
2

p

The effective coefficients in (3.9) are
M24 = γ3 f φ̇4 ,
1
M34 = γ5 f φ̇4 (2 f φ̇2 − 3) .
2

(3.55)
(3.56)

It is worth defining
M24
β
f φ̇2
≡−
,
=
2 Ḣ
ε
1 − f φ̇2
2MPl

(3.57)

M4
δ
f φ̇2 (2 f φ̇2 − 3)
,
≡ − 23 =
ε
(1 − f φ̇2 )2
MPl Ḣ

(3.58)

where the parameter (2.18) is
ε=

3 γ f Z2
.
2 γ + fV

(3.59)

The interesting regime is reached when f φ̇2 → 1− , or equivalently f V 
γ  1. In this case, γ ∼ 1/cs and
3 γ
 1,
2 fV
ε
β∼ 2,
cs
ε
δ∼− 4.
cs
ε∼

(3.60)
(3.61)
(3.62)

In this configuration, one has |δ|  β  ε. Finally, we only report the result
of the exact computation11 of non-Gaussianity in DBI inflation,
f NL =

5
10
35 1
+ β + O(c2s ) ,
−
2
27 108 cs
27

(3.63)

where one recognizes the leading contribution ∼ 1/c2s . The constraint on
the speed of sound obtained by [27] for DBI inflation is cDBI
≥ 0.087 at 95%
s
CL (T + E).
Now, it is worth emphasising again what we have anticipated in Sec. 2.2.3:
if one started from a generic effective Lagrangian

L ∼ Λ4 P ( X ) − V ( φ ) + . . . ,

(3.64)

where Λ is an arbitrary scale and P( X ) a generic polynomial in the dimensionless variable X = (∂φ)2 /Λ4 ,
∞

P( X ) ∼

(∂φ)2n
,
4n
n =1 Λ

∑

(3.65)

11 We will further comment on this point later on. For the full procedure including the gravity
sector, see Sec. 3.4.
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the regime cs  1 would require equally dominant operators, (∂φ)2 ∼ Λ4 ,
invalidating the derivative expansion. On the other hand, the presence of
symmetries could save the calculability of the theory. This is what happens
in DBI inflation (as well as in generalizations thereof [68, 69]), where the
series (3.64) can be re-summed as (3.51) taking f −1 ≡ Λ4 . Moreover, one
might worry about the role of quantum corrections in the theory. Actually, the DBI action benefits from non-renormalization properties, being also
protected against higher derivative corrections in the ultra-relativistic limit
[8, 70, 71, 72, 73]. All these properties make the DBI action a theoretically well
defined model of inflation, admitting consistently large non-Gaussianity. In
Part II, motivated by the requirement of controlling quantum corrections, we
will demonstrate how a different symmetry of the scalar field for a certain
class of theories makes them valid also in the region f NL & 1.
Starting from the Lagrangian (3.64), one can also compute the values of
the effective coefficients in Eq. (3.9). For a flat enough potential, one can
show12 that the scalar background profile can be approximated by a linear
function of time φ0 (t) = c(t)Λ2 t, where c(t) is a slowly varying function.
This is true both for slow-roll inflation and for models such as the ghost
condensate, where the field “velocity” is explicitly constant, i.e. c = const.
at the leading order [36]. For definiteness, let us concentrate on the latter
class of models and assume that c ∼ 1 solves P0 (c2 ) = 0. On such solutions,
2 H 2 ∼ Λ4 and is completely dethe Hubble rate can be estimated as MPl
termined by the leading P( X ) piece, the higher-derivative operators being
unimportant for the backgrounds at hand. Indeed, in principle the effective
theory (3.64) contains also operators like (φ)2 /Λ2 , but on the background
it can be estimated as (φ0 )2 /Λ2 ∼ Λ4 ( H/MPl ) and thus it is negligible for
H  MPl , as required for a consistent classical description.
Restricting to the unitary gauge, δφ(t, x ) = 0, one straightforwardly finds
that all EFT coefficients are determined by the cutoff of the theory
M24 ∼ Λ4 ,

M̂13 ∼ Λ3 ,

M̄12 ∼ Λ2 ,

etc.

(3.66)

In this case, the dynamics of small perturbations is fully dominated by the
only zero-derivative quadratic operator in the effective theory – δN 2 – and
most of the phenomenology is thus determined by the single coefficient M24 .
Higher-order terms contribute only to slightly correct the leading results.
For example, one can show that the correction to the speed of sound from
the operator M̄12 (which arises entirely due to mixing with gravity) is of or2 ∼ H/M and can be safely ignored. Consequently, one
der δc2s ∼ M̄12 /MPl
Pl
can consistently consider the perturbations of the inflaton field as weakly
coupled over a sufficiently broad range of distances encompassing the Hubble scale and straightforwardly apply the derivative expansion. This would
correspond to the case of k-inflation [74], ghost inflation [36] and other related models.
3.6

energy scales in the eft of inflation

The identification of the energy scales in a physical system is a useful practice, in order to understand the general dynamical structure. A first scale is
obviously fixed by the typical energies involved in the experiments, which
in the case of cosmological observables are of order ∼ H. Then, in the context of an effective field theory, we have already discussed about the importance of the strong coupling scale, defining the upper limit of validity of the
12 See also the discussion in Chap. 5.
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effective description. Moreover, in dealing with spontaneously broken symmetries, another relevant quantity can be introduced: the symmetry breaking
scale [66, 67]. It essentially identifies the energy scale at which the spontaneous symmetry breaking occurs, defining the regime of validity of the
description in terms of Goldstone bosons. Indeed, let J µ be the conserved
Noether current associated with the symmetry of the Lagrangian and
Q R (t) =

Z
|~x |≤ R

d3~x J 0 (t, ~x )

(3.67)

the corresponding charge. As an example, we consider the case
J µ = − f π ∂µ π + . . .

(3.68)

characterizing for instance a non-linear sigma model, having f π the dimension of a mass. From the canonical commutation relations, one finds that
i lim [ Q R , π ( x )] = f π + . . .
R→∞

(3.69)

In other words, f π represents the order parameter of the symmetry breaking.
Moreover, one can show that below such scale the correlation functions of
the current are IR divergent and the charge can not be defined, as well
known. For these reasons, one is persuaded to interpret f π as the symmetry
breaking scale Λb of the theory.
In the context of the EFT of inflation, in the same spirit one would want
to identify such Λb , at which the spontaneous symmetry breaking of timetranslations during the quasi de Sitter phase occurs. For the effective action
(3.27), in [66] it is estimated to be
2
Λ4b = 2MPl
| Ḣ |cs .

(3.70)

This has to be compared with the strong coupling scale Λ? , estimated before. The relative magnitude between Λ? and Λb is relevant, signalling two
different qualitative behaviours of the theory. In other words, if Λ? > Λb the
theory is essentially weakly coupled, resembling a standard slow-roll evolution with small non-Gaussianity, while if Λ? < Λb in its whole range of
applicability the Goldstone action exhibits some strongly coupled dynamics,
showing up in possibly measurable interactions in the spectrum. Indeed, in
terms of these quantities the rough estimation of non-Gaussianity and f NL
yields




Lπ̇ (∂i π )2
H 2
Λb 2
,
f NL ∼
.
(3.71)
∼
L2
Λ?
Λ?
Therefore, in order to have a valid perturbative description, one has to require H . Λ? . Rephrasing in these notations what we have stressed several
times, a hierarchy of the form H . Λ? . Λb could provide measurable
non-Gaussian signals.
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W B G S Y M M E T RY
Effective theories of a scalar φ invariant under internal Galileon
symmetry transformations, φ → φ + bµ x µ + c, have been extensively studied due to their special theoretical and phenomenological properties. In this part, we introduce the notion of weakly
broken Galileon invariance, which characterizes the unique class of
couplings of such theories to gravity that maximally retain their
defining symmetry. The curved-space remnant of the Galileon’s
quantum properties allows to construct (quasi) de Sitter backgrounds largely insensitive to loop corrections. We exploit this
fact to build novel cosmological models with interesting phenomenology, relevant for both inflation and late-time acceleration of the Universe.

4
W E A K LY B R O K E N G A L I L E O N S Y M M E T R Y

SALVIATI: [...] Shut yourself up with some friend in the largest room below decks
of some large ship and there procure gnats, flies, and such other small winged
creatures. Also get a great tub full of water and within it put certain fishes; [...].
You shall not be able to discern the least alteration in all the forenamed effects, nor
can you gather by any of them whether the ship moves or stands still.
— Galileo Galilei, Dialogue Concerning the Two Chief World Systems.
In Part I, we have essentially learnt that symmetries are the crucial and
fundamental ingredients in the definition of an effective field theory and in
establishing the relative weights of the Lagrangian operators. For instance,
as we have already discussed, the Effective Field Theory of Inflation (EFTI)
(3.9) is based on the observation that the dynamics of the most general
theory of “single-clock” inflation can be universally captured by an EFT nonlinearly realizing time diffeomorphisms t → t + ξ 0 (t, ~x ), with spatial diffeomorphisms xi → xi + ξ i (t, ~x ) realized linearly. Therefore, the spectrum
of perturbations consists of the two polarizations of the graviton plus the
Goldstone boson of time diffeomorphism symmetry breaking. We have also
mentioned that symmetries are at the basis of a possible re-summation of
the series (3.64), constraining the particular form of the DBI action (3.51)
and justifying a particular phenomenology which otherwise would have
been unreliable uniquely from the point of view of the EFT. Moreover, we
have emphasised the role of an approximate shift symmetry for the scalar
field in inflationary models, being related to a restoration of the quasi scaleinvariance of the power spectrum in an approximate de Sitter background,
whose symmetries highly constrain the form of the correlation functions.
In this part, we study yet another possible – and, as we argue below, necessarily approximate – symmetry of cosmological scalar fields: the invariance
under internal Galileon transformations
φ → φ + bµ x µ + c .

(4.1)

Theories invariant under (4.1) have appeared in various contexts before.
To start with, Eq. (4.1) is a symmetry (up to a total derivative) of the simplest possible quantum field theory: that one of a free scalar field. The most
general scalar theory with the symmetry (4.1) has been proposed for the
first time in [75], where the analogy with the Galilean symmetry ẋ → ẋ + v
in non-relativistic mechanics suggested the appellative Galileon. Then, this
has been found [76] to describe the scalar polarization of the ghost-free dRGT
massive graviton [77]. Moreover, it has appeared in [78] in the context of the
DGP model [79].
In the next section, we review the flat-space Galileon of [75] and its main
properties. Then, having in mind the curved-space generalization where the
invariance (4.1) can not be exact any more, we introduce a small breaking
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in the theory and discuss the consequences. Despite its simplicity, this flatspace example with weakly broken Galileon symmetry encloses the crucial
points and the general philosophy, that will be directly exported to the case
with gravity.
4.1

flat space galileons and non-renormalization theorem

Consider a trivial, free theory of a scalar φ. As emphasized above, in addition to more familiar symmetries (such as the ones under constant shifts or
conformal transformations), this theory possesses an extra invariance under
internal Galileon transformations (4.1). The latter leave the action invariant
only up to a boundary term. Apart from this and even a more trivial tadpole
term, there exist in principle infinitely many operators that satisfy the symmetry (4.1), namely those with at least two derivatives per field. However,
at the lowest order in derivatives, as shown in [75], apart from the kinetic
operator, there are exactly three more interaction terms in four space-time
dimensions that share invariance under internal Galileon transformations
in a non-trivial way. The corresponding theory can be written as

L = (∂φ)2 +

5

cI
L
3( I −2) I
I =3 Λ 3

∑

,

(4.2)

where those three interaction terms are

L3 = (∂φ)2 [Φ] ,

(4.3)

L4 = (∂φ)2 [Φ]2 − [Φ2 ] ,


L5 = (∂φ)

2

3

(4.4)
2

3

[Φ] − 3[Φ][Φ ] + 2[Φ ] ,


(4.5)

where we denote [Φ] ≡ φ, [Φ2 ] ≡ ∂µ ∂ν φ∂ν ∂µ φ, etc. In addition to being invariant under (4.1), the Galileon theory (4.2) shares other special properties.
First of all, despite the higher-derivative interactions in Eqs. (4.3)-(4.5), the
associated scalar equations of motion are second order, both in time and in
space. This guarantees that there are no extra propagating degrees of freedom hidden in φ. Furthermore, the particular structure of the Lagrangian
(4.2) results in the so-called non-renormalization theorem [78], that allows to radiatively generate only terms trivially invariant under (4.1), i.e. terms with at
least two derivatives acting on φ. In particular, it states that the coefficients
c I of the Galileon interactions are not renormalized by quantum loops in
the presence of exact Galileon invariance. The proof of the theorem follows
simply by integrations by parts [78]. For instance, in the case of the cubic
operator (4.3), one can show that every 1PI diagram is forced to have only
external fields derived twice. Indeed, if one started from 1PI diagram with
two derivatives acting on an internal field as


1
µ
µ
ν
ρ
∂ φext ∂µ φint φint = ∂ φext ∂ ∂µ φint ∂ν φint − ηµν ∂ φint ∂ρ φint ,
(4.6)
2
a simple turn of the derivative would prevent loop corrections to c3 , leading
to a diagram with only ∂2 φext as external legs. Concerning this topic, we
refer also to [80, 81, 82].
Such non-renormalization properties make Galileon theories extremely attractive because, for instance, classical solutions to the equations of motion
are automatically protected against quantum corrections and fine-tuning
problems do not arise. However, the symmetry (4.1) is known to be broken in presence of gravity and therefore the non-renormalization theorem

4.2 weak breaking in flat space-time

is expected to fail. Nevertheless, we will prove that there exists some sort of
generalization assuring that loop corrections are actually tiny if the symmetry is broken by a small coupling to the gravity sector.
Apart from guaranteeing the avoidance of fine-tuning problems, the resilience of non-renormalization properties is particularly relevant whenever
“large” background solutions are involved, as happens in cosmology. Indeed, in such situations, the higher order operators in the effective Lagrangian are enhanced if some of the fields are evaluated on the large classical background, invalidating the derivative expansion and in some cases
making the physical predictions unreliable, unless one of the following situations occurs: i) all but only a finite number of operators, that are the leading
ones on the background, can be set to zero because of non-renormalization
properties protecting against quantum corrections, or ii) one is able to resum all terms of the series. The latter case, apart from the already discussed
DBI theory1 , is what happens also in General Relativity. Indeed, denoting
with hµν the canonically normalized tensor fluctuation over the flat metric,
the expansion of the Einstein-Hilbert Lagrangian contains terms of the form
∂ 2 h n +2
,
n
MPl

(4.7)

where the higher order contributions are negligible if h < MPl . However,
whenever one considers for example non-trivial sources of mass M∗ and ap2 , the
proaches distances of order of the Schwarzschild radius rS ∼ M∗ /MPl
classical formulation remains valid but non-linearities become of the same
order of the kinetic term and therefore can not be neglected any longer.
Nevertheless, in the case at hand, even though there is an infinite number
of operators equally contributing in the perturbative expansion, their coefficients are not arbitrary, but they are fixed by General Relativity, crucially
allowing a re-summation of the series. Conversely, in the rest of the work
we will focus on case i): here, the reliability of the physical predictions in
regimes of large backgrounds will strongly depend on the presence of nonrenormalization properties, due to a weakly broken symmetry.
In this context, it is fair to remind also that, as in every effective field
theory, the Lagrangian is expected to include also higher derivatives operators, like powers of φ. They are generically associated with higher-order
equations of motion and ghost-like degrees of freedom, but these are by no
means a problem if the typical energy scale of the instability is of order of
(or above) the cutoff [83]. However, in presence of sizeable backgrounds, the
ghost mass might be dramatically lowered, unless some controlling criterion
is found.
All these aspects will be discussed in details, leading to the final result of
Eq. (4.27).
4.2

weak breaking in flat space-time

Before turning to the case of a curved space-time, it is instructive to discuss
the notion of weak symmetry breaking in the flat-space version (4.2) of the
theory. This is the content of the present section. As already said, despite the
interesting properties, the invariance under Galileon transformations cannot
be exact in Nature because the couplings of the scalar to gravity break it explicitly. Therefore, we are now interested in characterizing the theories that
1 See Sec. 3.5.
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preserve as much as possible the attractive quantum non-renormalization
properties of the exactly invariant case. This naturally leads to the notion of
weakly broken invariance under (4.1), which we will define in a precise way
in what follows. The simplest sufficiently non-trivial theory with weakly broken Galileon invariance (and exact shift symmetry) in a flat space-time is of
the following form
1
1
1
L = − (∂φ)2 + 3 (∂φ)2 φ + 4 (∂φ)4 .
2
Λ3
Λ2

(4.8)

While the first two operators in (4.8) are exactly invariant under (4.1) (up to
boundary terms), the quartic operator is a small breaking as far as Λ2  Λ3 .
In general we would expect other symmetry breaking operators of the form
(∂φ)2n to be generated by quantum corrections at the scale Λ2 . However, in
this case, a stronger result, the remnant of the non-renormalization properties of the invariant action, holds: all the symmetry breaking operators are
generated at a scale that is parametrically higher than Λ2 . This means in
particular that the operator (∂φ)4 gets only small corrections through loop
effects. Indeed, in principle one could expect loop diagrams obtained with
one insertion of the quartic vertex and two insertions of the cubic one, but
actually these are forbidden2 . Therefore, the only possibility is the loop diagram built by means of two quartic vertices: as stated above, this kind of
quantum correction is suppressed by a tiny factor (Λ3 /Λ2 )4 with respect to
the lagrangian operator (∂φ)4 in (4.8).
In the presence of gravity, as we will show in the next section, the weak
breaking gives rise to even more non-trivial consequences.
4.3

weak breaking in curved space-time

In this section we study the fate of Galileon invariance upon inclusion of
coupling to gravity, showing that it unavoidably breaks the symmetry and,
at the same time, defines the sense in which the breaking can be considered
weak. Indeed, as we will see below, out of the infinite number of possible ways one can couple the Galileon to gravity, there is a unique set of
non-minimal couplings that can be qualified as being more invariant under
Galileon transformations than all the rest. The resulting theory turns out
to be the covariant Galileon of [84], representing a particular curved-space
extension of the theory that keeps the property of second-order equations
of motion intact. On the other hand, since the Galileon symmetry has to be
weakly broken by the couplings to gravity, one should in principle include
in the effective theory symmetry-breaking operators of the form (∂φ)2n . The
latter will be generated by quantum loops with Wilson coefficients bounded
from above, so as to be consistent with the approximate symmetries at hand.
As we will see, requiring invariance under (4.1) to be only weakly broken
will naturally lead to a particular sub-class of Horndeski theories3 , which is
however much more general than just the covariant Galileon. The purpose
2 In fact, as we have shown before in (4.6), the non-renormalization properties of the Galileon
Lagrangian forbid loop diagrams (involving Galileon vertices) with external legs all derived
only once.
3 Horndeski theories [85] represent the most general class of scalar, Lorentz-invariant theories
in a curved space-time with second-order equations of motion both for the scalar field and
the metric. Since, however, a generic Horndeski theory does not have much to do with the
invariance under (4.1), we prefer to refer to the sub-class that we study here as “theories with
Weakly Broken Galileon (WBG) invariance”.
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Figure 4.1: For every given vertex, a solid straight line corresponds to a possible external leg resulting in a scalar with at most one derivative acting on it.
A dashed line corresponds to an external scalar with at least two derivatives, while a wiggly line denotes an external graviton.

of this part is to introduce this particular sub-class of theories and to set the
stage for their detailed phenomenological studies.
Being generally impossible to couple a Galileon-invariant theory to gravity4 , the symmetry is expected to be broken even in the purely scalar sector
– i.e. if one sets the metric perturbation to zero “by hand” – due to loopgenerated operators not invariant under (4.1) (these operators of course
have to be suppressed by at least one power of the Planck mass). For the
sake of concreteness, let us concentrate on the operators of the form (∂φ)2n .
After all, it is the absence, or smallness, of these operators that makes the
Galileon special compared to a generic shift-symmetric theory. These operators can be generated from loops with the appropriate number of insertions
of symmetry-breaking vertices, that include at least one graviton line. Interpreting Λ3 – the smallest scale by which interactions are suppressed in the
effective theory5 – as the genuine cutoff, any loop-generated operator can
be written as

(∂φ)2n
4( n −1)

Λk,n

,

h
i 1
4n−4
k
Λk,n ≡ MPl
Λ34n−k−4
,

(4.9)

where k denotes some positive integer and we have omitted factors of 16π 2
for simplicity. For fixed k and n sufficiently large, the scale Λk,n suppressing
a given single-derivative operator can in principle be arbitrarily close to Λ3 .
If this were true, the resulting theory would by no means be considered as
a theory with WBG invariance, since symmetry-breaking operators would be
order-one in the units of the cutoff.
We wish to show here that: i) this in fact does not happen for the Galileon,
even if minimally coupled to gravity; ii) for a very particular, non-minimal
coupling, the scale suppressing the symmetry-breaking operators can be
made parametrically higher than the analogous scale characterizing all the
other ways of introducing gravity into the system. For the latter theories,
there is a well-defined separation between the scale suppressing the invariant Galileon interactions and the quantum-mechanically generated singlederivative operators: while the former are suppressed by powers of Λ3 , the
scale suppressing the latter is parametrically higher, asymptotically reaching
Λ2 ≡ ( MPl Λ33 )1/4
(4.10)
for large n in (4.9). Perhaps not surprisingly, we will find that the special
type of couplings to gravity required to suppress symmetry-breaking operators is of the Horndeski class – the unique curved-space extension of the
(generalized) Galileons that leads to second-order equations of motion both
for the scalar and the metric.
We now prove all of the above-described statements, starting with a few
definitions. Consider an arbitrary vertex of the form (∂φ)k (∂m φ)n ∂l h p , with
4 Unless gravity is massive, see [86].
5 We always assume in this paper that Λ3  MPl .
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m ≥ 2. In terms of Feynman diagrams, we will adopt the convention according to which a solid straight line corresponds to an external leg coming out
of this vertex, which results in a scalar with one derivative acting on it. A
dashed line corresponds to an external scalar with at least two derivatives,
while a wiggly line denotes an external graviton, see Fig. 4.1. For example,
a k = 2, n = 1, p = 1 vertex would correspond to the first diagram on
the upper line of Fig. 4.2. In certain cases, the number of solid lines can be
less than the number of factors of ∂φ in a Lagrangian interaction term. For
example, the special structure of the pure Galileon interactions makes them
equivalent to vertices with only dashed lines, even though on average these
terms contain less than two derivatives per field. This is because a Galileon
vertex can only lead to external states with at least two space-time derivatives, as discussed in Sec. 4.1. We now wish to show that there exist more
redundant vertices of this kind in the suitable non-minimal extension of the
theory to curved space.
4.3.1

Minimal coupling to gravity

Now we have a look at all possible vertices with a single graviton line in
the minimally coupled Galileon theory, obtained from (4.2) by replacing all
derivatives with covariant ones (∂µ → ∇µ ). A straightforward inspection
yields that there are six of such vertices, shown in Fig. 4.2. Vertices with
three solid lines can in principle arise from picking up a factor of ∂h from
covariant derivatives6 , i.e. ∇2 φ ∼ ∂2 φ + ∂h∂φ, where we denote by ∇2 any
product of two covariant derivatives applied on φ. This means that, in the
minimally coupled Galileon theory, the smallest scale by which the operators of the form (4.9) with n = 3a, k = 2a are suppressed, is7
Λmc ≡ ( MPl Λ53 )1/6 .

(4.11)

The latter suppression scale is still too small to be consistent with the generic
definition of WBG invariance, which we will introduce and discuss extensively in what follows.
4.3.2

Non-minimal coupling to gravity

We will now show that it is possible to modify the theory by non-minimal
couplings to gravity that result in the elimination of vertices with three solid
lines, leaving just a factor of (∂φ)2 per graviton line. Insertion of these vertices into a generic loop diagram can only lead to symmetry-breaking operators of the form (4.9) suppressed by at least the scale Λ2 = ( MPl Λ33 )1/4 , parametrically higher than ( MPl Λ53 )1/6 . Therefore, there is a well-defined sense
in which the resulting theory is “more invariant” under internal Galileon
transformations than a generic curved-space extension of the Galileon. This
defines what we mean by “theories with WBG invariance” throughout the
present work and we will sharpen this definition in the next chapter, where
non-trivial vacua of the resultant theories are considered.
For the cubic covariant Galileon, it is easy to show that the first vertex
from the lower line of Fig. 4.2 is absent: the only way to generate it is by
6 Moving the derivative on h to the rest of the fields in the vertex generically does not reduce the
number of solid lines for the quartic and quintic Galileons, since this extra derivative can act
on the factor ∂2 φ, representing the dashed line.
7 This can be seen by inserting enough number of vertices with one graviton and three solid
lines into a generic 1PI loop diagram.
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Figure 4.2: Single-graviton vertices, which can contribute to a 1PI vertex made of two
or three external scalars with one derivative ((∂φ)2 or (∂φ)3 ). The vertices
from the second line exactly cancel for the unique (non-minimal) curvedspace extension of the Galileon that retains second-order equations of
motion.

picking up a metric perturbation from the covariant laplacian. This yields
a term of the form (∂φ)3 ∂h. Putting the derivative from h on the rest of
the fields via partial integration however makes it evident that the corresponding vertex can only have two solid lines, but not three. The case of
quartic and quintic Galileons is more non-trivial, but straightforward; we
show in App. C that vertices with three solid lines and one graviton, as well
as five solid lines and two gravitons can be removed by suitably adding nonminimal couplings to gravity. The resultant theory is the covariant Galileon
of [84] – characterized, as a bonus, by second-order equations of motion
both for the scalar and the metric.
In summary, the “most symmetric” generalization of the Galileon coupled
to gravity consists of the following operators
p
1
1
L3 → − g 3 Lmin
,
3
Λ3
Λ3 3


p
1
1
4
min
L
→
−
g
(
∂φ
)
R
−
4
L
,
4
4
Λ63
Λ63


p
1
1
2 min
4 µν
L5 → − g 9 (∂φ) G ∇µ ∇ν φ + L5
,
3
Λ93
Λ3

(4.12)
(4.13)
(4.14)

where Lmin
denote the Galileons (4.3)-(4.5) minimally coupled to gravity.
I
The structure of the full effective theory is such that every pair of external scalars with no more than one derivative on each unavoidably comes
with a suppression of at least one power of the Planck scale. With this in
mind, quantum-mechanically generated operators of the form (∂φ)2n can
be estimated simply on dimensional grounds to be at most of the following
magnitude
(∂φ)2n
.
(4.15)
n Λ3n−4
MPl
3
n Λ3n−4 )1/(4n−4) suppressing such operators approach Λ only
The scales ( MPl
2
3
for asymptotically large n, otherwise being parametrically larger.
In the rest of the work, we will argue that the statement of approximate
Galileon invariance can be viewed as a statement about non-trivial classical
vacua, generically present in the shift-invariant theories at hand. If these
vacua are to be insensitive to UV physics, the symmetry-breaking operators
in the effective theory can be at most of order (4.15) in magnitude. In such
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cases we will say that the Galileon invariance is broken only weakly by
couplings to gravity.
4.3.3

Theories with WBG invariance

Perhaps, the most important lesson that one can draw from the discussion
of the previous section is that the covariant Galileon is in fact not the most
general theory enjoying the above-described quantum properties. Consider
the effective theory with the leading operators given by the following Horndeski sub-class

= Λ42 G2 ( X ) ,
LWBG
2
=
LWBG
3
LWBG
=
4
=
LWBG
5

Λ42
Λ33
Λ82
Λ63
Λ82
Λ93

(4.16)

G3 ( X )[Φ] ,

(4.17)



Λ42
G4X ( X ) [Φ]2 − [Φ2 ] ,
(4.18)
6
Λ3


Λ4
G5 ( X ) Gµν Φµν − 29 G5X ( X ) [Φ]3 − 3[Φ][Φ2 ] + 2[Φ3 ] ,
3Λ3
(4.19)
G4 ( X ) R + 2

where we now extend the notation employed in Eqs. (4.3)-(4.5) by replacing
the partial derivatives with covariant ones, i.e. [Φ] ≡ gµν ∇µ ∇ν φ, [Φ2 ] ≡
∇µ ∇ν φ∇ν ∇µ φ, etc. Moreover, G I are arbitrary dimensionless functions of
the dimensionless variable
X≡−

1 µν
g ∂µ φ∂ν φ ,
Λ42

(4.20)

and the subscript “X” means differentiation with respect to this variable8 .
We will then assume that the functions G I are defined through the Taylor
expansion
(0)

(1)

(1) ( ∂φ )
Λ42

(0)

(2)

GI = c I − c I X + c I X2 + · · · = c I + c I
(n)

where c I

2

(2) ( ∂φ )
Λ82

+ cI

4

+ . . . , (4.21)

are dimensionless, order-one coefficients. Note that by setting
(1)

(n)

(1)

(2)

(2)

all the coefficients c I to zero except c2 , c3 , c4 and c5 we recover the
covariant Galileon of Eqs. (4.12)-(4.14).
As in the example of the introductory section, the theory at hand is characterized by two scales9 : Λ2 and Λ3  Λ2 . From the EFT standpoint that we
(n)

are adopting here, all Wilson coefficients g I are measured in the units of
the cutoff Λ3 . The theory (4.16)-(4.19) is the one for which a well-defined
class of (canonically normalized) operators – those that respect the Galileon
symmetry φ → φ + bµ x µ + c – have order-one coefficients,
(n)

gI

∼ O(1) ,

(4.22)

8 The particular form of the interactions (4.16)-(4.19) (the relative coefficients between two operators in LWBG
or LWBG
, for example) may appear tuned, and this is sometimes presented as an
5
4
unfortunate feature in the literature. We stress that this “tuning”, motivated by restoring unitarity in the theory, is in fact natural and stable under quantum corrections. This is very similar to
why we work with a gauge-invariant kinetic term −Tr F µν Fµν in theories with massive spin-1
particles, despite of there being no gauge invariance in the presence of the mass term.
(0)

2 = 2c Λ8 /Λ6 .
in Eq. (4.18) as MPl
9 The Planck scale arises here from LWBG
2
3
4
4
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while all the others are parametrically suppressed by positive powers of the
small ratio Λ3 /Λ2 (for example, the Wilson coefficient corresponding the
(2)

the symmetry-breaking operator (∂φ)4 φ is of order g3
As a consequence, one can define a scaling limit
MPl → ∞,

Λ2 → ∞,

(2)

∼ c3 (Λ3 /Λ2 )4 ).

Λ3 = finite ,

(4.23)

in which the system recovers the exact internal Galileon symmetry.
(1)

(1)

A comment about the terms c4 and c5 is in order here10 . These terms
are absent in the covariant Galileon, which starts with G4 , G5 ∼ (∂φ)4 . Thus,
one can wonder whether they modify our conclusions regarding quantum
corrections. By expanding L4 and L5 at linear order in metric perturbations,
(1)

(1)

it is straightforward to verify that c4 and c5 do lead to new operators at
the scale Λ3 . However, these operators are just a scalar-tensor generalization
of the Galileon familiar from the decoupling limit of dRGT massive gravity
[76],

LWBG
∼ hµν ε µαρλ ε νβσλ ∂α ∂ β φ∂ρ ∂σ φ + . . . ,
4
∼ hµν ε µαρλ ε νβσδ ∂α ∂ β φ∂ρ ∂σ φ∂λ ∂δ φ + . . . .
LWBG
5

(4.24)

The latter interactions obey the same non-renormalization theorem as the
Galileon [87], forbidding asymptotic states with less than two derivatives
−1
acting on them. In particular, this means that the counting of MPl
factors in
loop diagrams of the previous section goes through unaltered: each factor
of (∂φ)2 arising from a generic 1PI vertex still comes with a suppression of at
−1
least a factor of MPl
, and our analysis of quantum corrections performed for
the covariant Galileon also applies for the generalized theory (4.16)-(4.19).11
Therefore, for simplicity we will disregard these terms and assume that G4
and G5 start at least quadratic in X. Indeed, our discussion of the previous
section guarantees that, once tuned to zero, G4X and G5X do not receive any
appreciable quantum corrections as a result of the approximate Galileon
symmetry.
Notice that the theories that we propose do not reduce to the Galileon for
general functions G I , even if one switches off gravity. Rather, they describe
a certain generalization thereof, which still has no more than second-order
equations of motion. The symmetry (4.1) is thus broken even when one
sets hµν = 0 – note that this is different from taking the decoupling limit
(4.23). Nevertheless, the corresponding breaking of invariance under (4.1) is
in a well-defined sense not stronger than the one already present once gravity is turned on. In particular, it follows from the very construction of the
operators in (4.12)-(4.14) that each pair of factors of ∂φ still comes with a
suppression of at least a factor of MPl in the full effective theory. Thus, the
lagrangians (4.16)-(4.19) define the most general scalar-tensor theory consistent with our definition of WBG invariance.
The peculiar quantum properties characteristic of the theories at hand put
loop corrections under complete control for a broad class of physical backgrounds. This can be established by noting that loop-generated operators
−1
always have at least one extra factor of MPl
, compared to their “tree-level”
(0)

(0)

10 The operator c2 is just the cosmological constant, which for simplicity we tune to zero, c2 = 0.
(1)
(0)
Moreover, the operators c2 and c4 set the normalization of the scalar and graviton kinetic
(0)
(0)
terms respectively, while c3 and c5 give inconsequential total derivatives and can be disre-

garded.
11 That the terms (4.24) can be re-written as a certain limit of non-minimally coupled scalar-tensor
theory has been noticed in [88] and the cosmology of that theory has been studied in [89].
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counterparts. Indeed, working in the units in which Λ3 = 1, each factor of
Λ42 becomes equivalent to MPl , and the non-minimal terms in (4.16)-(4.19)
can be schematically written as
MPl R(∂φ)

2



(∂φ)2
+...
1+
MPl



(∇2 φ)n ,

(4.25)

while the similar loop-generated terms can never have the MPl -enhancement.
Likewise, the symmetry-breaking scalar operators, quantum-mechanically
generated, are bound to have the following schematic form

(∂φ)2n  2 m
∇ φ
,
n
MPl

(4.26)

and the analogous terms in the original action are all enhanced by at least
a factor of MPl compared to this expression. Restoring the factors of Λ3 , we
conclude that if the field expectation values are such that

| X | . 1,

|Y | . 1 ,

(4.27)

where X is defined in Eq. (4.20) and
Y≡

∇2 φ
,
Λ33

(4.28)

the loop corrections are negligible: they can never compete with the operators from the classical action (4.16)-(4.19) and all predictions based on the
latter can be trusted in the full quantum theory. Moreover, not only the
magnitudes of the various operators are technically natural, but any possible tuning of these can only be spoiled by corrections of higher order in
Λ3 /MPl . This generalizes the Galileon non-renormalization theorem in the
presence of gravity.
On the other hand, if the conditions (4.27) are not satisfied, the background becomes too strong to be trusted: the magnitude of loop corrections
becomes pumped up beyond that of the leading operators and Galileon invariance alone is useless in organizing the low-energy expansion. One could
only trust the classical theory beyond that point if there is an extra structure,
leading to a re-summation of the series (4.21). As mentioned in Sec. 3.5, an
example is provided by DBI theories, where this happens due to non-linearly
realized higher-dimensional space-time symmetries. However, here we want
to remain as general as possible and do not assume any extra symmetry beyond the (weakly broken) Galileon one. In the latter case, the requirement
of quantum stability expressed by Eq. (4.27) places a strong upper bound
on how large the predictions for various physical quantities can be, but at
the same time lays the foundation for some novel technically natural predictions. Indeed, in Sec. 3.5, we learnt how some natural hierarchies among
the Wilson coefficients in the EFT of inflation can arise because of quantum
corrections to the Lagrangian operators and how symmetries can alter this
appraisal, protecting the tree-level operators. In this spirit, the rest of Part
II will be devoted to the understanding of the physical consequences of an
underlying WBG symmetry in cosmology, showing that it can provide unexpected predictions, which would have been unreliable in the standard view.

5
W B G T H E O R I E S I N C O S M O L O G Y: G E N E R A L I T I E S

Quem etiam, quo grandior sit et quodam modo excelsior, ne physicorum quidem
esse ignarum volo. Omnia profecto, cum se a caelestibus rebus referet ad humanas,
excelsius magnificentiusque et dicet et sentiet.
— Marcus Tullius Cicero, Orator, [34,119].
In the previous chapter we have proved the existence of a class of theories
which maximally retain in a curved space-time the remnants of the Galileon
non-renormalization theorem. Now, the present chapter is devoted to the
application of these results to cosmology.
Before proceeding, in order to appreciate the novel physical implications
and the differences with the known literature, it is worth recalling that the
study of Galileon-invariant theories in the inflationary context have been
initiated in [90]. The model, referred to as Galileon inflation, is based on the
covariant Galileon of [84]. It has been pointed out in [90] that such theories
enjoy more freedom compared to ghost/DBI inflation-like models as far as
phenomenology is concerned. In particular, they can lead to the possibility of lifting the “large speed of sound/small non-gaussianities” correspondence, characteristic of the latter models. Our results extend the findings
of [90] in several directions. While it has been assumed in [90] that the covariant Galileon is the unique model capable of extending the phenomenological virtues of shift-symmetric theories in a radiatively stable way, we
have found that there is in fact a wider class of models that can achieve
this. Unlike the covariant Galileon, the theories we are interested in do not
generically reduce to the standard Galileon once gravity is turned off. Nevertheless, neither non-renormalization nor the second-order equations of
motion of the Galileon need to be given up, leading to the possibility of
strong – and quantum-mechanically robust – phenomenological differences
from slow-roll inflation. This generalizes the well-studied case of DBI models
in an interesting way.
The best way to illustrate the physical consequences of the theories of
Chap. 4 is to resort to a concrete example. To this end, we wish to consider
the following theory


Z
5
p
1 2
1
4
2
WBG
S = d x −g
M R − (∂φ) − V (φ) + ∑ L I
+... ,
(5.1)
2 Pl
2
I =2
where LWBG
are the operators defined in Eqs. (4.16)–(4.19) of the previous
I
chapter. We have extracted and canonically normalized the scalar and graviton kinetic terms, so that G2 , G4 and G5 are assumed to start at least quadratic1
in X, while G3 can have a linear piece. In general, one can allow for a small
potential,
1
V (φ) = −λ3 φ + m2φ φ2 + . . . ,
(5.2)
2
1 See the discussion below Eq. (4.24).
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where the parameters λ, mφ , etc. can be (naturally) arbitrarily small, since
they are the only ones that break the scalar shift symmetry, which otherwise
is exact even on curved space. In the next chapters, we will discuss the implications of a weakly broken Galileon symmetry for inflation. We will thus be
interested in background solutions given by an approximate de Sitter space
with the Hubble parameter H.
For the theory (5.1), the scalar equation of motion on a flat FRW background reads

1 d 3
dV
2a φ̇F ( X, Z ) = −
,
(5.3)
dφ
a3 dt
where the function F is given by the following expression2
F ( X, Z ) =

1
+ G2X − 3ZG3X + 6Z2
2




G4X
+ 2G4XX
X


G
+ Z3 3 5X + 2G5XX ,
X

(5.4)

with the variable Z defined so as to roughly coincide in the limit φ̈  H φ̇
with the background value of Y defined in Eq. (4.28),
Z≡

H φ̇
.
Λ33

(5.5)

Moreover, the two Friedmann equations can be written in the following way

1 G2
2
3MPl
H 2 = V + Λ42 X
−
+ 2G2X − 6ZG3X
2
X




G4X
G5X
G4
3
−
4
−
4G
+
2Z
+
2G
5
(5.6)
− 6Z2
5XX
4XX
X
X
X2
2
Ḣ = − [Λ42 XF + MPl φ̈( XG3X − 4ZG4X − 8ZXG4XX − 3Z2 G5X
MPl

− 2Z2 XG5XX )] [1 + 2G4 − 4XG4X − 2ZXG5X ]−1 .

(5.7)

(n)

By choosing appropriate combinations of the coefficients c I and in the
absence of the potential, one can check that there exist exact linear solutions
φ0 ∝ t to (5.3) with F ( X0 , Z0 ) = 0, sourcing an exact de Sitter space. Upon
turning on a small enough potential for φ, these backgrounds can slightly
deviate from de Sitter, Ḣ  H 2 . Moreover, if both X0 and Z0 are of order one
2
on these solutions, the background curvature is of the order H 2 ∼ Λ42 /MPl
and all terms involving φ in (5.1) contribute equally to the energy density.
We observe that for X  1 and Z  1 one reproduces the standard
potentially dominated slow-roll regime. In the opposite limit X ∼ 1 and for
small enough V (φ), the acceleration can be supported by the kinetic part of
the action. We will comment more on this points later. At the same time, we
have argued below Eq. (4.27) that the two parameters X and Z control the
magnitude of quantum corrections. Indeed, in the X . 1 and Z . 1 regime
loop corrections are fully under control, as can be seen by estimating typical
loop-generated terms, e.g. of the form

(∇2 φ)n
∼ Z n Λ43 ,
3n−4
Λ3

(∂φ)2n
∼ X n Λ43 .
3n−4
n
MPl Λ3

(5.8)

2 Note that both G4X /X and G5X /X in this equation are finite even in the X → 0 limit due to our
assumption that G4 and G5 start at least quadratic in X; see the discussion below Eq. (4.24).

5.1 inflation in wbg theories

For X and Z less than or of order one, these are parametrically suppressed
with respect to the background energy density contributed by the classical
2 H2 &
Lagrangian, which, as follows from Eq. (5.6), generically satisfies 3MPl
XΛ42 . Saturating either one or both bounds in Eq. (4.27) leads to a non-linear
regime where various next-to-leading order terms in the derivative expansion become important, while quantum corrections are still under control.
This case will be of our prime interest in the rest of the work.
5.1
5.1.1

inflation in wbg theories
The effective field theory for perturbations

The consequences of an approximate Galileon symmetry for the physics of
the early Universe can be conveniently studied in the EFTI framework discussed in Chap. 3. In the rest of the present chapter, we will concentrate only
on the quadratic part of the action (3.9): it is enough to capture the relevant
physical implications of the WBG symmetry3 . Moreover, for convenience we
will drop some indices, i.e. we will call M̂3 ≡ M̂13 and M4 ≡ M24 . Moreover,
we anticipate that the theory at hand (5.1) satisfies M̄12 = − M̄22 = 2 M̄32 ≡ M̄2 ,
as we will discuss in Eq. (5.10).
Therefore, given such a generic model of inflation, defined via the set of
EFT coefficients M4 (t ), M̂3 (t ), M̄2 (t ), . . . , it is important to understand what
are, if any, the possible hierarchies among these. Indeed, the basic properties
of the inflationary background and perturbations, such as stability, power
spectra and non-Gaussianity, crucially depend on the relative magnitudes of
these terms. In the case that the problem involves widely separated scales
(such as, for instance, the Hubble scale and the UV cutoff of the theory), it
is not a priori clear what the quantum-mechanically stable values of these
Wilson coefficients are. In particular, treating them as arbitrary parameters
can easily lead to results that require tuning, once quantum corrections are
taken into account.
In the effective theory (3.9), one can use various symmetries to constrain
the EFT coefficients in different models of inflation. An obvious possible
symmetry is provided by constant time translations, t → t + c, which would
constrain all coefficients (including the Hubble rate) in the EFT to be timeindependent, enforcing the background solution to be an exact de Sitter
space. Another symmetry one can impose is given by arbitrary space independent reparametrizations of time, t → f (t) (see e.g. [91]). In the exact
symmetry limit, this would require M4 , M̂3 and M̄3 to vanish, leading to interesting theories in one corner of the inflationary theory space [92]. On the
other hand, even if time reparametrizations are not an exact symmetry, their
weak breaking (appropriately defined in what follows) would guarantee that
any small values of these coefficients are technically natural.
Building on the insights of the previous sections, we wish to investigate
the consequences of yet another possible approximate invariance of the action
(3.9), namely that one induced by internal Galileon transformations and
realized on the foliation scalar as in (4.1). If this scalar acquires a linear
profile φ ∝ t driving a de Sitter background, similarly to what we discussed

3 The only effect of the cubic part of (3.9) is to modify the coefficients of the operators describing
the self-interactions in the Lagrangian for the adiabatic mode. We refer to Sec. 3.4 and to the
next chapters for further details.
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LWBG
I

M4 Λ2−4

M̂3 HΛ2−4

M̄2 H 2 Λ2−4

I=2

4X 2 G2XX

×

×

I=3

−6XZ ( G3X + 2XG3XX )

−2XZG3X

×

I=4

24XZ2 (3G4XX + 2XG4XXX )

I=5



G
2XZ3 3 5X + 12G5XX + 4XG5XXX
X



−4Z2 G4X



G
2XZ3 3 5X + 2G5XX
X

−2Z3 G5X

8XZ2



G4X
+ 2G4XX
X

Table 5.1: Contributions from the Lagrangian terms LWBG
to various unitary-gauge
I
operators, defined in Eq. (3.9). We have renamed M4 ≡ M24 and M̂3 ≡ M̂13 ,
neglecting higher order operators. The relation M̄12 = − M̄22 = 2 M̄32 ≡
M̄2 holds. The subscript X means differentiation with respect to X and
all derivatives are evaluated on the background. We have assumed that
all background quantities obey “slow-roll”, i.e. d/dt  H, so that terms
involving derivatives of X and Z have been neglected. According to our
assumption about the form of G4 discussed in Sec. 4.3.3, this is at least
of order X 2 for small X, so that its contribution can be neglected. An
analogous piece coming from LWBG
is suppressed by a further factor of
5
the slow-roll parameter.

before, the Galileon symmetry (4.1) will have the following manifestation in
the unitary gauge
t → t + b̃µ x µ ,
(5.9)
where b̃µ is a constant four-vector. For more complicated φ-profiles, the associated unitary gauge invariance will have a more complicated form. However, in practice it always makes life easier to restore the foliation scalar in
the effective action (3.9) in order to explore its approximate symmetries. We
will take this route in what follows.
5.1.2

Inflation with WBG symmetry

In (3.66), we have estimated the parameters of the EFTI in the case of “ordinary” effective theories of the type (3.64), proving that everything is determined in terms of the single scale Λ. Now, we consider the theories characterized by WBG invariance (5.1) and compute analogously the values of the
various coefficients in Eq. (3.9), by means of reformulating the discussion
of the previous section into the effective theory language [93]. The resulting
contributions from each Lagrangian LWBG
to different EFTI operators are
I
reported in Tab. 5.1.
Interestingly, as a generic property of Horndeski theories, only one combination of the operators δK2 , δKij δK ij and (3)RδN, given by the following
expression
− δK2 + δK ij δKij + (3)R δN ,
(5.10)
appears in the EFT action [94]. It follows from the discussion of Sec. 4.3 that
this “tuning” is perfectly stable under loop corrections, as far as X . 1
and Z . 1, because of the (weakly broken) Galileon invariance. Moreover,
the unique combination (5.10) is in fact a redundant operator and can be
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removed by a redefinition of the metric [94, 95]4 . As a consequence, the
single operator δNδK, associated with the cubic Galileon, is responsible for all the
differences with respect to the more familiar DBI/ghost inflation models, as far as
stability and power spectra are concerned.
With this in mind, the quadratic action for the comoving curvature perturbation ζ defined in (3.18) can be derived using the procedure outlined in
Sec. 3.4. Solving Eqs. (3.35)-(3.36) at the linear order in perturbation theory
and plugging the solutions for N and N i back into the theory (3.9) with
M̄i2 = 0, one finds the action (2.19) with the values (3.39)-(3.40) in the case
M̂3 ≡ M̂13 and M4 ≡ M24 . Depending on the values of the parameters X and
Z, in a theory of inflation with WBG invariance there
are two phenomenolog√
ically distinct regimes, i.e. a potentially (X ∼ ε, Z ∼ 1) and a kinetically
(X ∼ Z ∼ 1) driven phase, which will be reviewed in details in the next
chapters. These two cases give rise to phenomenologically different EFTs,
providing different contributions to the coefficients of the Lagrangian operators. Before discussing those situations, we conclude with some remarks
about the consequences a WBG theory can induce on the late-time evolution
of the Universe, in the context of dark energy.
5.2
5.2.1

late-time universe in wbg theories
Dark energy

The theories characterized by WBG symmetry can also be applied in the context of the late-time cosmic acceleration. For simplicity, we will neglect the
scalar potential V (φ) here, contrarily to the case discussed in the previous
section. Moreover, we reabsorb the canonical scalar kinetic term in the definition of the function G2 , so that the action of interest reads as follows
"
#
Z
5
p
1 2
4
WBG
S = d x −g
M R + ∑ LI
.
(5.11)
2 Pl
I =2
The homogeneous equations on a flat FRW background obtained by varying
this action are similar to those, discussed in Sec. 5.1. However, in this section
we choose to rewrite them in a slightly different form and notation.
In terms of the two variables X and Z defined in Eqs. (4.20) and (5.5), the
homogeneous scalar evolution equation reads [96]
i
d h 3
a φ̇FDE ( X, Z ) = 0 ,
dt

(5.12)

where FDE ( X, Y ) is defined as
FDE ( X, Z ) ≡ G2X − 3ZG3X + 6Z2




G4X
+ 2G4XX
X


G
+ Z3 3 5X + 2G5XX .
X

(5.13)

In analogy with what we did for inflation, in order to study the dark energy an EFT approach can be adopted as well [56, 93, 94, 97]. Nevertheless
some further clarifications are necessary. It is worth emphasizing that the
main difference of the late-time Universe with respect to inflation concerns
4 This redefinition corresponds to transforming into the frame where the tensor modes propagate
at the unit speed of sound [23]; see also the discussion in Sec. 2.2.2.
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the presence of several matter species. This yields deviations from the effective action (3.9). Indeed, assuming that the metric gµν is minimally coupled
to matter fields, in principle a general free function of time f (t) in front of
the Ricci scalar has to be taken into account. In fact, with respect to inflation, one is not allowed to perform any redefinition of the metric, if a Jordan
frame with a minimally-coupled matter has to be retained. Therefore, the
first line of Eq. (3.9) is modified as follows:


Z
√
1 2
K
c(t)
4
˙
S=
d xN γ
(5.14)
M f (t) R − 2 f (t) + 2 − Λ(t) + . . . .
2 Pl
N
N
The operators shown in (5.14) alone contribute to the background evolution.
In the case of inflation we had f = 1 and
2
Ḣ ,
c = − MPl

2
(3H 2 + Ḣ ) .
Λ = MPl

(5.15)

The Friedmann equations can be written as
3M∗2 H 2 = ρm + ρDE ,

−2M∗2 Ḣ

(5.16)

= ρm + pm + ρDE + pDE ,

(5.17)

where ρm and pm respectively denote the energy density and pressure of
matter. The effective Planck mass squared, M∗2 , is generically time-dependent
due to the non-minimal couplings of the scalar in LWBG
and LWBG
, and is
5
4
explicitly given by the following expression
2
M∗2 ≡ MPl
(1 + 2G4 − 4XG4X − 2ZXG5X ) .

(5.18)

2 f + M̄2 . Finally, the
In terms of the EFT parameters of Eq. (5.14), M∗2 = MPl
unperturbed effective energy density and pressure read


G2
ρDE = Λ42 X −
+ 2G2X − 6ZG3X
X




G4X
G5X
+12Z2
+ 2G4XX + 4Z3
+ G5XX
,
X
X



G4X
pDE + ρDE = 2Λ42 XFDE + 2MPl φ̈X G3X − 4Z
+ 2G4XX
X


G
− Z2 3 5X + 2G5XX
.
X

(5.19)

(5.20)

For Horndeski theories, the phenomenological deviations from the ΛCDM
model at the level of linear perturbations can be conveniently parametrized
in terms of four time-dependent parameters [93]. It is convenient to use the
dimensionless functions introduced in [98], which can be expressed in terms
of the EFT coefficients of Eq. (5.14) as [94]
2c + M4
,
M∗2 H 2

2 f˙ − M̂3
MPl
,
2M∗2 H

2 f˙ + M̄
˙2
MPl
,
M∗2 H

M̄2
,
M∗2
(5.21)
where the function c is fixed by the background Friedmann equations derived from action (5.14),
αK =

αB =

αM =

2
2c = pDE + ρDE + MPl
( H f˙ − f¨) .

αT = −

(5.22)

5.2 late-time universe in wbg theories

LWBG
I

M∗2 H 2 Λ2−4 αK

M∗2 H 2 Λ2−4 α B

M∗2 H 2 Λ2−4 α M

M∗2 H 2 Λ2−4 α T

I=2

2X ( G2X + 2XG2XX )

×

×

×

I=3

−12XZ ( G3X + XG3XX )

×

×



G4X
+ 8G4XX + 4XG4XXX
X

XZG3X


I=4

12XZ2

I=5



G
4XZ3 3 5X + 7G5XX + 2XG5XXX
X

−4XZ2



G4X
+ 2G4XX
X





G
− XZ3 3 5X + 2G5XX
X

φ̈
αB
Λ33

4Z2 G4X

ḢZ3
φ̈
G5X − 2 3 α B
H2
Λ3



φ̈
2Z2 Z − 3 G5X
Λ3

−

2

Table 5.2: Contribution from the Lagrangian terms LWBG
to the various effective αI
parameters defined in Eq. (5.21), denoting the deviations from the ΛCDM
model in linear perturbation theory.

For the theory of interest (5.11), their explicit expressions are reported in
Tab. 5.2.
Let us first briefly comment on the physical meaning of the α-parameters
and their observational consequences (see, e.g. [98, 94] for a more detailed
discussion).
• The first of these functions, αK , parametrizes the kinetic energy of
scalar perturbations, induced by the four Lagrangian terms LWBG
. In
I
terms of the EFT for perturbations (5.14), the contributions to αK arise
from the operators ∝ δN 2 , described by the coefficients c and M4 . This
parameter is enough to describe linear perturbations in the minimally
coupled quintessence and k-essence models. In the minimal case, dark
energy fluctuations behave as those of a perfect fluid with the speed
of propagation c2s = 3(1 + wDE )ΩDE /αK , where ΩDE is the energy
density of φ in the units of the critical one. A well-studied example
corresponds to the limit αK  1, which leads to zero sound speed
[55, 99].
• The second function, α B , parametrizes the mixing between metric and
scalar field fluctuations [100]. It can be induced by the Lagrangians
LWBG
with 3 ≤ I ≤ 5, or by the operator containing δNδK in the
I
EFT for perturbations, which describes kinetic mixing with gravity.
This√operator induces a typical scale (approximately given by k B /a '
3H Ωm /2 for α M = α T = 0) [98], below which dark energy can clus
ter with energy density fluctuations δρDE ' 2δρm α2B / (α2K + 6α2B )c2s .
Above this scale, dark energy fluctuations simply behave as those of a
perfect fluid.
• The function α M is defined as α M ≡ d ln M∗2 /d ln a, and is thus related
to the time variation of the effective Planck mass M∗2 induced by the
Lagrangians LWBG
and LWBG
. It parametrizes the non-minimal cou5
4
pling in scalar-tensor theories such as Brans-Dicke [101] and, as such,
induces a slip between the gravitational potentials. In terms of the EFT
operators, α M can be generated by time variation of the parameters f
and M̄2 . In particular, in f ( R) theories, α M = −α B .
• Finally, the last function, α T , parametrizes the deviation of the speed
of sound of tensor perturbations from unity in the presence of the
Lagrangian LWBG
and LWBG
[96], and also induces a slip between the
5
4
gravitational potentials. It is generated by the EFT operator, multiplied
by the coefficient M̄2 .
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A particularly interesting case corresponds to a constant X, where the
scalar field grows linearly with time, φ0 ∝ t. In this case, the functions
G I and all their derivatives are time-independent when evaluated on the
background, while Z changes proportionally to the Hubble rate. One can
see from the form of the scalar equation, Eq. (5.12), that the φ0 ∝ t profile
can only be a solution if the following relations are satisfied
G2X = 0 ,

3G5X + 2XG5XX = 0 .
(5.23)
It then follows from Eqs. (5.19) and (5.20) that the effective energy density on
such backgrounds is given by ρDE = −Λ42 ( G2 + 2Z3 G5X ) and the equation
of state is that of the cosmological constant, with wDE ≡ pDE /ρDE = −1.
Moreover, while the dimensionless parameters αK , α M and α T in Tab. 5.2 are
generally non-zero and time dependent, Eq. (5.23) implies that α B = 0. In
this case, in order to avoid ghost instabilities one must require that αK ≥ 0
[93, 98]. Note that since Z ∝ H, ρDE is time dependent, even though wDE =
−1. This is because the effective Planck mass varies with time and the dark
energy does not follow the usual conservation equation. Demanding that
the energy density remains finite at early times requires it to be constant,
i.e. G5X = 0 and thus that also α M = 0, see Tab. 5.2. In this case, at the
background level this model exactly behaves as a cosmological constant.
At the level of linear perturbations, the dimensionless parameters αK and
α T do not vanish and contribute to the sound speed of scalar and tensor
fluctuations, respectively as c2s = −2α T /αK and c2T = 1 + α T (see [98, 94]).
One can avoid gradient instabilities by requiring the positivity of both these
speed of fluctuations squared, which implies −1 ≤ α T ≤ 0.
This is the simplest application of WBG symmetry to the late-time acceleration. The assumption that the background profile of the field is linear with
time, φ0 ∝ t, and that the background expansion history is the same as in
ΛCDM considerably restricts the values that the parameters α a can consistently take. These solutions are not possible for the covariant Galileon [84].
In this case one usually assumes a tracker solution with Z = const. [102];
this imposes a particular expansion history, which has been shown to lead
to observations that are disfavoured with respect to ΛCDM (see [103] for
a recent analysis and e.g. [104, 105] for analysis that do not assume the
tracker solution). More sophisticated examples can be constructed using the
Lagrangians (4.16)-(4.19), by allowing the background solution for φ to be
different from a linear profile in time. In this case, from Tab. 5.2 one generically expects that the parameters α a may assume any value smaller than
unity, α a ∼ X . 1.
5.2.2

G3X = 0 ,

G4X + 2XG4XX = 0 ,

Static sources and the Vainshtein mechanism

The attempts to modify gravity have a long story. One of the main physical motivations lies on the observation of the current cosmic acceleration.
Such an accelerated expansion can be well due to a cosmological constant,
but it is known to suffer from a serious fine-tuning problem. Indeed, from
1/4
CMB measurements the vacuum energy density is estimated to be ρvac ∼
−
3
10 eV, which is “unnaturally” small compared with the typical energy
scales of the known interactions in the Standard Model of particle physics,
e.g. ΛQCD ∼ 200 MeV, MW ∼ 80 GeV and MPl ∼ 1018 GeV. In other words,
according to the standard renormalization procedure in quantum field theory, one should tune the scale in order to have a huge cancellation with
the bare quantity, leading to the so-called cosmological constant problem.

5.2 late-time universe in wbg theories

This motivated the attempts to modify gravity in the infra-red, trying to justify the current acceleration without any cosmological constant, while the
standard Solar System tests force such alternative theories to be degenerate
with General Relativity in their predictions at small distances. Some examples of these attempts are provided by massive gravity5 , the DGP model
[79] and the Galileon [75]. One common feature is the presence of extrapropagating degrees of freedom with respect to the standard two graviton
helicities, that generate non-trivial, large-distance modifications of gravity.
On the other hand, non-linear terms in the extra-field can provide screening
effects, which allow to fulfil the Solar System tests.
In particular, in the context of theories with WBG invariance, one can imagine to couple φ to the trace of the matter stress tensor in the following way

Lmatter ∼

1
φTm .
MPl

(5.24)

It is then necessary to make sure that the exchange of φ by realistic sources
does not modify the Newtonian potential by any detectable amount. There
are a number of ways to suppress the contribution from φ to the gravitational potential of astrophysical objects (stars, planets, etc.) in modified
gravity. In the case of the theories with approximate Galileon invariance
we are interested in, what guarantees that φ is screened beyond the observable values is the Vainshtein mechanism [109, 110], crucially relying on nonlinear contributions, as stated above. Indeed, in the decoupling limit (4.23),
the theory reduces to the Galileon, which is known to naturally incorporate
the screening below the Vainshtein radius [75], which for a source of mass
Msource reads
!1/3
Msource
rV =
.
(5.25)
MPl Λ33
The decoupling limit, on the other hand, does capture all relevant astrophysical scales and all results obtained in that limit can be fully trusted. To see
this directly, one can evaluate the quantity X on a pure Galileon solution
of Ref. [75] and check that it is extremely small everywhere in space6 , so
that all the results of Ref. [75] apply to our case without any modification.
In particular, for Galileons to be cosmologically relevant, one needs [75]
Λ3 ∼ ( MPl H02 )1/3 ∼ 10−3 Km−1 , where H0 can be read in Tab. 2.1. For the
solar mass, M ∼ 1057 GeV, one estimates7 rV ∼ 1016 Km, well beyond the
Pluto’s orbit radius.

5 See, for instance, the reviews [106, 107, 108] and the references therein.
6 In the case of the cubic Galileon, X becomes of order one only at the Schwarzschild radius of
the source rS , while, in the most general case, it is a constant within the Vainshtein radius, of
order of the tiny ratio (rS H0 )2/3 , where H0 is the current Hubble rate.
7 See also [111] for a more quantitative analysis.
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6
S L O W - R O L L I N F L AT I O N W I T H W B G S Y M M E T R Y: T H E
P O T E N T I A L LY D R I V E N P H A S E

The next question is, what can we make out of laws which are nearly symmetrical?
— R. Feynman, R. B. Leighton and M. Sands, The Feynman Lectures on
Physics, Volume I.
As already briefly discussed in Sec. 2.2.3, it is a common feature of slowroll models of inflation that the magnitude of non-Gaussianity is suppressed
[20], well below the observable level for any foreseeable future (we refer, for
instance, to [112]).
Inspired by the features of WBG theories, we propose a novel slow-roll scenario where scalar perturbations propagate at a subluminal speed, leading
to sizeable equilateral non-Gaussianity, f NL ∝ 1/c4s , largely insensitive to the
ultraviolet physics.
6.1

preliminary remarks

In Part I, we have seen that in a generic low-energy inflationary EFT additional higher-derivative corrections to the canonical action can not impact
non-Gaussianity in any significant way without spoiling the consistency
of the theory. Only the presence of symmetries can justify an amplitude
f NL & 1. As pointed out in Sec. 3.5, a clear example of this fact is provided
by DBI inflation with action (3.51).
Now we study in details the potentially driven inflationary scenario introduced in the previous chapter. The energy density of the early Universe is
dominated by the potential of a slowly-rolling scalar field, similarly to ordinary slow-roll theories. Yet, a definite set of higher-derivative interactions of
the inflaton become relevant, leading to observably large non-Gaussianity.
Nevertheless, the theory is predictive, since all the rest of the operators in
the derivative expansion remain naturally small in the full quantum theory.
All these properties are consequences of the underlying WBG invariance.
Just like in DBI inflation, enhanced scalar non-Gaussianity is generically
associated with a reduced speed of sound of perturbations in our model.
However, the enhancement is much stronger compared to the DBI case, the
amplitude of equilateral non-Gaussianity growing as f NL ∝ 1/c4s for small
c2s .
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6.2

the slow-roll background

We have shown in Chap. 4 that the properties of the theories with WBG symmetry imply the possibility of a moderately coupled, yet predictive, regime
characterized by
φ̇2
H φ̇0
X = 04 . 1 ,
Z≡
.1,
(6.1)
Λ33
Λ2
for a homogeneous φ-profile on a FRW background with the Hubble rate H.
From now on, X will be understood as evaluated on the background solution. Despite the moderate coupling, quantum corrections are under control
when the scalar background profile satisfies (6.1), even in the case that these
inequalities are saturated, and the predictions of the classical theory can be
trusted.
As noted above, we are interested in the potentially-dominated models
of inflation, characterized by WBG invariance. These are governed by the
Lagrangian (5.1), where, since we have extracted the canonical scalar and
graviton kinetic terms, G2 is assumed to start at least quadratic in X, while
G3 can have a linear piece. From now on we will set G4 = G5 = 0 for
the sake of simplicity; generalization to the case of non-zero G4 and G5 is
straightforward and will be commented on where appropriate. The ellipses
in (5.1) denote an infinite number of other operators, present in the lowenergy effective theory. We will assume that the potential V (φ) satisfies the
ordinary slow-roll conditions, ε V  1 and |ηV |  1, where the (potentialbased) slow-roll parameters ε V and ηV are defined as
2  0 2
00
MPl
V
2 V
εV ≡
,
ηV ≡ MPl
.
(6.2)
2
V
V
The analysis of quantum loops of Chap. 4, leading to the non renormalization theorem summarized above, has concentrated on the case with a vanishing potential. It is straightforward to show that the same results remain
intact also in the presence of a non-zero, but sufficiently flat, V (φ) satisfying
(6.2): this is shown in App. C, Sec. C.2.
For the flat FRW ansatz, ds2 = −dt2 + a2 (t)d~x2 , the two Friedmann equations that follow from (5.1) are given by Eqs. (5.6)-(5.7), which in the case
G4 = G5 = 0 reduce to


1 G2
2
3MPl
H 2 = V − Λ42 X
+
− 2F ( X, Z ) ,
(6.3)
2
X
2
Ḣ = −Λ42 XF ( X, Z ) + MPl XG3X φ̈0 ,
MPl

(6.4)

where

1
+ G2X − 3ZG3X .
(6.5)
2
Moreover, in the slow-roll regime ( Ḟ  HF, φ̈  H φ̇) the homogeneous
equation of motion of φ reduces to
F ( X, Z ) =

6H φ̇0 F ( X, Z ) ' −V 0 (φ0 ) .

(6.6)

We are interested in a regime where higher-derivative operators in (5.1)
become important, while the quantum corrections are still under control. To
this end, we assume Z ∼ 1, which also fixes the magnitude of the parameter
X. Indeed, from the definition of X and Z, Eq. (6.1), it follows that

√

X=

Λ22 Z
.
MPl H

(6.7)

6.3 non-gaussianity

Making use of Eq. (6.4), one immediately obtains
√
X ∼ ε.

(6.8)

Note the order-unity slowly varying function of time F ( X, Z ) in Eqs. (6.3)(6.6), which is strictly equal to 1/2 in canonical slow-roll inflation. Apart
from this minor modification, all the equations that describe the background
solution are similar to those of ordinary slow-roll models (up to corrections
of higher order in ε V and ηV ). In particular, unlike e.g. the DBI case, the
usual flatness conditions ε V  1 and |ηV |  1 need to hold for sustaining
the quasi-de Sitter phase in our model. It is precisely for this reason that
we refer to it as “slow-roll”1 . At the level of perturbations, our scenario is
of course very different from the canonical slow-roll inflation; for example,
unlike the latter, the scalar perturbations become strongly coupled at an energy scale parametrically smaller than MPl , something we discuss in greater
detail below.
It follows from the Friedmann equations that the contributions from the
derivative operators in (5.1)
√ to the inflationary energy density and pressure
are proportional to X ∼ ε. One may wonder therefore whether loop corrections can outweigh these contributions for small values of ε. For Z ∼ 1, the
leading quantum corrections to the background
stress tensor scale as ∼ Λ43 .
√
4
This should be much smaller than Λ2 ε, which implies a lower bound on
the slow-roll parameter, ε  ( H/MPl )2 . This is the same bound on ε as the
one that arises from requiring quantum fluctuations of the inflaton to be
small [113, 114].
6.3

non-gaussianity

We now adopt the EFT framework with Lagrangian (3.9) with only the effective coefficients M24 , M34 , M̂13 and M̂23 . In terms of the functions G2 and G3 ,
these are
M24 = −2Λ42 X [3ZG3X + 6ZXG3XX − 2XG2XX − YG3X ] ,

2
M34 = −2Λ42 X 3XG2XX + X 2 G2XXX
3



− Z 4G3X + 11XG3XX + 2X 2 G3XXX + YG3X ,
M̂13 = −2

Λ42 X
ZG3X ,
H

M̂23 = −2

Λ42 X
Z (2G3X + XG3XX ) ,
H

(6.9)

(6.10)
(6.11)

where Y = φ̈0 /Λ33 . One can see from (6.9)-(6.11) that approximate invariance
under Galileon transformations imposes the following (radiatively stable)
hierarchy among the various EFT coefficients:
2
M24 ∼ M34 ∼ MPl
Ḣ ,

M̂13 ∼ M̂23 ∼

2 Ḣ
MPl
.
H

(6.12)

This is in stark contrast to what happens e.g. in solely shift-symmetric theories, where the coefficients that stem from higher-derivative operators, such

1 Inflationary models based on particular subsets of the Lagrangian terms in (4.16)-(4.19), Ginflation and Galileon inflation, have been studied in Refs. [96, 90] respectively. However, these
2 H 2 and
references have focused on kinetically-driven inflation, corresponding to Λ42 ∼ MPl
X ∼ Z ∼ 1 in our notation (see also Tab. 8.1).
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as M̂13 and M̂23 , are much stronger suppressed. The latter hierarchy motivates to define the dimensionless, order-one coefficients2
α1,3 ≡ −

4
M2,3
2 Ḣ
2MPl

α2,4 ≡ −

,

3 H
M̂1,2
2 Ḣ
2MPl

,

(6.13)

convenient for describing the parameter space of the theories at hand.
At sufficiently high energies, the dynamics of scalar perturbations is fully
dominated by the dynamics of the adiabatic mode π, defined in Sec. 3.2.
The scalar action (3.9) in the decoupling limit reads (see also Sec. 3.3)
Sπ =

Z

4

d xa

3



2
− MPl
Ḣ





(1 + α1 ) π̇

2

(∂π )
− c2s 2

2

a

(∂π )2

− 2(α1 + α3 )π̇ 3
a2

α2 (∂π )2 ∂2 π
α2 − α4 2 ∂2 π
+2
π̇ 2 +
,
H
H
a
a4

+ (α2 − α1 ) π̇

(6.14)

where the speed of sound is
c2s ≡

1 + α2
.
1 + α1

(6.15)

It follows from Eq. (6.15) that if, for whatever reason, the parameter α2 happens to be close to −1, one can have strongly subluminal scalar perturbations. Most importantly, the approximate Galileon invariance guarantees
that such an “accidental” arrangement of the parameters is respected by
loop corrections. This is qualitatively different from how the small c2s arises
in models such as DBI inflation3 .
It is worth stressing at this point that the operators in the last line of (6.14)
can be rewritten in terms of those in the second line via a perturbative field
redefinition [115]. This simply amounts to use the linear equation of motion
in (6.14). After straightforward manipulations, one finds4
(3)
Sπ

=

Z

4

d xa

3



2
− MPl
Ḣ



(∂π )2
γ1 π̇ 2 + γ2 π̇ 3
a


.

(6.16)

The two operators in (6.16) are precisely those appearing in the decoupling
limit of DBI theories and the bispectrum they produce is close to the equilateral shape [31]. The genuine difference arises once the magnitude of nonequil
Gaussianity is concerned: instead of the f NL ∼ 1/c2s behaviour – see Eq.
(3.63) – characteristic of DBI inflation, in theories with WBG symmetry nonequil
Gaussianity scales as f NL ∼ 1/c4s in the small-c2s limit. The latter scaling
2 In order to deal with order-one coefficients, in this chapter we prefer the definitions (6.13) with
respect to the previously introduced (3.14)-(3.15).
3 In the limit X → 0, using Eq. (6.9)-(6.10) with G4 = G5 = 0 in Eq. (6.13), one finds α1 = 3α2 .
This gives a negative kinetic term to
√ π for α2 ' −1. The parameter X needs not to be very
small, however; it is of order X ∼ ε ' a few × 0.1 in e.g. slow-roll models with monomial
potentials. Moreover, the relation α1 = 3α2 no longer holds for G4 6= 0 or G5 6= 0.
4 Explicitly, the coefficients γ1 and γ2 read


2
γ1 ≡ (c2s − 1) 1 + 2 + (1 + c2s )α1 ,
cs



1
1
2
γ2 ≡ 2 1 − 2
2 + 2 + 2 (α1 − 2α4 ) + 2α1 − 2α3 .
cs
cs
cs

6.3 non-gaussianity

is due to the last operator in (6.14), whose precise contribution to the threepoint function of the curvature perturbation ζ reads5 [90, 116]
Bζ (k1 , k2 , k3 ) = −

1 H 8 α2
1 k21 (k21 − k22 − k23 )
2
16 A 1 + α1 c10
k t ( k 1 k 2 k 3 )3
s


∑i > j k i k j
k1 k2 k3
× 1+
+3 3
+ 2 perms ,
k2t
kt

(6.17)

where k t ≡ k1 + k2 + k3 . Here, A denotes the normalization of the π-kinetic
2 Ḣ )(1 + α ). The amplitude of nonterm in the decoupling limit, A ≡ (− MPl
1
Gaussianity can be directly read off from Eq. (6.17),
equil

f NL

=

65 α2 1
5 Bζ (k ∗ , k ∗ , k ∗ )
=
,
18
162 1 + α1 c4s
Pζ2 (k ∗ )

(6.18)

where Pζ (k) = H 4 /(4Ak3 c3s ) is the power spectrum (2.23), evaluated at
a fiducial momentum scale k ∗ . A significantly reduced speed of sound,
α2 ' −1 (see Eq. (6.15)), implies a negative f NL . However, due to the strong
dependence of f NL on cs , even slightly subluminal perturbations can produce a sizeable amount of non-Gaussianity; for example, a 10% tuning of
equil
the α2 parameter can give rise to f NL ' −70 for α1 = 1 and α2 = −0.9.
We stress that such a tuning is not “unnatural” as a result of the nonrenormalization theorem outlined in Chap. 4.
The relative magnitudes of the EFT coefficients, expressed in terms of the
dimensionless quantities (3.14)-(3.15), in various single-field models of inflation are summarized in Tab. 8.1 of Chap. 8. Note that, the amplitude of
non-Gaussianity in Galileon inflation [90] scales as f NL ∼ 1/c2s [63], in the
are included, in
and LWBG
small c2s limit. This is no longer true once LWBG
5
4
−
4
6
which case f NL ∝ cs also in Galileon inflation .
If the theory (6.14) is to be predictive, it is crucial that π is weakly coupled
at energies of the order of the inflationary Hubble rate, Λ?  H, where Λ? is
the strong coupling scale defined in Chap. 3, at which perturbative unitarity
is violated in the 2 → 2 scattering of π. In the c2s  1 limit, Λ? is set by the
last interaction term in the action (6.14), and is estimated as Λ? ∼ Λ3 c11/6
.
s
For α1 ' 1 and α2 ' −1, using the experimental value ∆2ζ ' 2.5 × 10−9 , one
finds
O(50)
(6.19)
Λ3? ∼ equil (8H )3 .
f NL
equil

Even for the largest f NL compatible with the current observational bounds
[27], the strong coupling scale is fairly above H, but well below the symmetry breaking scale,
equil
Λ3b ∼ O(5) f NL Λ3? .
(6.20)
We close this section with a remark concerning the regime of validity of
the decoupling limit. For the small values of the speed of sound we are
interested in, one should be careful with mixing terms that involve spatial
derivatives. For example, consider the δNδK operator in Eq. (3.9). The most
important mixing of scalar modes with gravity that arises from this operator
5 For notations we refer to Sec. 2.2.3. In order to match the conventions the relation Φ = 53 ζ has
to be used.
6 Refs. [117, 118, 119] have considered theories somewhat related to ours. However, these works
equil
have concentrated on the opposite regime, Z  1. As a result, the f NL ∝ 1/c4s behaviour for
G4 = G5 = 0 has not been noticed in those papers as well.
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is suppressed by a factor of ε/c2s compared to the π-kinetic term at horizon
crossing. Therefore, the validity of the decoupling limit analysis requires
that c2s & ε hold, which puts an upper bound ( f NL . 1/ε2 ) on the amplitude
of non-Gaussianity attainable within the decoupling limit.

7
T H E K I N E T I C A L LY D R I V E N P H A S E

SALVIATI: It is true that the Copernican system creates disturbances in the
Aristotelian Universe, but we are dealing with our own real and actual Universe.
— Galileo Galilei, Dialogue Concerning the Two Chief World Systems.
In the previous chapter, we have studied a potentially dominated inflationary evolution with an underlying weakly broken Galileon symmetry. On
the theoretical side, WBG invariance has provided a notable extension of the
non-renormalization theorem, which turns out to be only “slightly violated”
if a suitable coupling to gravity is chosen, selecting a very special sub-class
of the Horndeski theories. On the phenomenological side, it yielded an unnoticed enhancement of the amplitude of non-Gaussianity, with respect to
the DBI model and the standard Galileon inflation.
In this chapter, we consider a class of WBG theories with negligible potential in the evolutionary equation (5.6). In this case, the dynamics is driven by
the derivative operators. We will prove that in this regime the decoupling
limit does not apply: one can not disentangle the scalar mode from the gravity sector, which turns out to be order-one important at all energy scales.
This has in principle dramatic phenomenological consequences, dominating
non-Gaussian effects and giving rise to a strong enhancement,
f NL ∝

1
,
c6s

(7.1)

in the limit of small speed of sound. Such an abrupt growth of f NL would
have never been seen from a decoupling limit perspective, which gives
f NL ∝ 1/c2s for the same region of the parameter space1 . We anticipate that
an amplitude of the form (7.1) is already ruled out by the existing experimental bounds on primordial gravitational waves. However, we find of some
theoretical interests to briefly present the derivation.
7.1

decoupling limit unreliability

The strongly coupled backgrounds – i.e. the ones for which all terms (4.16)–
(4.19) are of the same order – correspond to the function F ( X0 , Z0 ) vanishing
at the leading order, as already noted in Chap. 5. For X and Z strictly constant, one has an exact de Sitter space, which can be made quasi-de Sitter by
turning on a small potential for φ. One can see from Eq. (5.4) that for F to
vanish requires at least Z0 to be order-one. Although less evident, it is easy
to show that also X0 has to be order-one, if the potential is to provide a subleading contribution to the energy density. Indeed, it follows from Eq. (5.6)

1 See Refs. [90, 116] for the treatment in the decoupling limit.
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2 H 2 ∼ Λ4 X in this case. Together with
that the energy density scales as MPl
2
the following equality,
√ M H
Z = X Pl2 ,
(7.2)
Λ2

which simply follows from the very definitions of X and Z, this implies that
Z ∼ X. One thus concludes that whenever the theory approaches strong
coupling on a (quasi) de Sitter background, Z ∼ 1, all functions G I should
be generically re-summed.
For large backgrounds that nearly saturate the bound (6.1), one consequence of the approximate symmetry under (4.1) is the following radiatively
stable hierarchy
2
H 2 ∼ M4 ∼ M̂3 H ∼ M̄2 H 2 ,
(7.3)
MPl
as can be seen from Tab. 5.1. Therefore, the strongly-coupled case at hand
corresponds to the largest possible values of the coefficients Mi4 , M̂i3 and
2 H 2 , M2 H and M2 respectively. ReM̄i2 in the effective action (3.9), i.e. MPl
Pl
Pl
markably enough, for a sufficiently large hierarchy between Λ2 and Λ3 , or
equivalently between MPl and Λ3 , the strong coupling of our backgrounds
does not necessarily imply the breakdown of the classical description, as
follows from the estimates of Eq. (5.8).
As anticipated, there is another important characteristic to the “large”
backgrounds X ∼ 1, Z ∼ 1 – or, equivalently, to large values of the EFT
2 Ḣ . M4 , as required by becoefficients given in Eq. (7.3). Assuming MPl
ing close to de Sitter space, there is no short-distance limit in which the
metric can be decoupled from the inflaton perturbations. Therefore, mixing
with gravity is order-one important at all scales. To see this, let us restore the
Goldstone boson π, non-linearly realizing the spontaneously broken time
diffeomorphisms:
g00 → g00 = − N −2 = −1 − 2π̇ − π̇ 2 +

(∂π )2
,
a2

δK → δK −

∂2 π
+ O(π 2 ) .
a2

The relevant part of the π action then reads
2
− MPl
Ḣ

1
1
M̂3
∂2 π c
+ M4 (δN )2 − M̂3 δNδK → π̇c2 +
δNc 2 + . . . , (7.4)
2
2
2
N
a
MPl f π

2 Ḣ )1/2 and
where we have defined the “decay constant” f π2 ≡ ( M4 /2 − MPl
canonically normalized the Goldstone and the lapse variable as π = πc / f π2
and δN = δNc /MPl , respectively. One can see from the last term in this expression, that the mixing with gravity is indeed important for the Goldstone
dynamics at all distance scales if the EFT coefficients saturate the strong coupling bound (i.e. if M̂3 ∼ MPl M2 ). This means that, in this case, one has to
perform the full analysis including dynamical gravity in order to extract reliable predictions from the theory. The calculation of the cubic action and nonGaussianity in this regime, much more involved due to the non-decoupling
of gravitational effects, has been reported in Sec. 3.4.
In terms of the definitions (3.14)-(3.15), the kinetically driven inflation
with weakly broken Galileon symmetry (KWBG) occurs whenever

α, β, γ, δ ∼ 1 .

(7.5)

This hierarchy has important physical consequences, as anticipated at the
end of Chap. 3. Indeed, it means that not only the underlying weakly broken
symmetry allows to explore a wider region of the parameter space than

7.2 kwbg inflation

that one defined by M̂3 H  M4 , which one would have inferred requiring
naively the validity of the derivative series in the effective Lagrangian, but
also a larger set of values for the effective parameters, compared for instance
to slow-roll models and DBI inflation, is under control. The comparison with
the recent experimental bounds will be presented in the next chapter.
7.2

kwbg inflation

We now give a detailed account of the kinetically driven inflation with
weakly broken Galileon symmetry, characterized by the hierarchy (7.5). Well
within the regime of validity of the low energy EFT, the fast growth of nonGaussianity in Eq. (7.1) arises as a result of subtle effects associated with the
mixing of the adiabatic perturbations with the metric degrees of freedom,
partially explaining why it has gone unnoticed in the literature. As we will
discuss in the next chapter, such an amplitude is ruled out by experimental constraints and the KWBG regime (7.5) has to be slightly modified to be
consistent with observations. Nevertheless, we present here the derivation
of the result (7.1), which is an important consequence from the theoretical
point of view of the weak breaking of the underlying symmetry and the
relevance of the gravity sector at all energies. The uninterested reader can
move directly to the discussion about the experimental constraints on the
EFTI of the next chapter.
It is useful to re-write the coefficients (3.39)-(3.40) in terms of (3.14)-(3.15).
Neglecting ∂t M̂13 ,
3α(α − 2) + β + ε
,
( α − 1)2
α (1 − α ) + ε
c2s = 2
.
3α − 6α + β + ε

2
N = MPl

(7.6)
(7.7)

For our purposes, it will be sufficient to set ε = 0 to avoid complication
of the expressions. Moreover, it will prove convenient to introduce also the
combination
1−α
x≡
,
(7.8)
c2s
so that x is generically an order-one constant. The normalization factor for
the curvature perturbation then becomes
2
N = MPl

1 − xc2s
.
xc4s

(7.9)

The latter quantity has a strong dependence on the speed of sound: for
small c2s , it grows like N ∝ 1/c4s , and this appears to make the scalar perturbations weakly coupled, suppressing the self-interactions of the canonically
normalized ζ, and therefore suppressing non-Gaussianity. This observation
is decisive, however: in order to make a conclusive statement regarding nonGaussianity, one has to study the cs -dependence of the cubic ζ interactions
in the theory at hand. In fact, we will find that the cubic interactions grow
6
as fast as 1/c10
s , eventually leading to non-Gaussianity of order f NL ∝ 1/cs .
The action for the comoving curvature perturbation, up to the cubic order in
non-linearity, is given in Eq. (3.43). In the remainder of this section, we will
confine ourselves to the leading order in the 1/c2s -expansion, which allows
to extract the fastest-growing effects in the deep subluminal region of the
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Figure 7.1: The shape of non-Gaussianity, corresponding to Eq. (7.11). We use the
standard notation: x2 ≡ k2 /k1 and x3 ≡ k3 /k1 .

parameter space of interest. There are seven operators that contribute in this
limit: assuming α ' 1, the relevant ζ-action up to cubic order becomes
2
Sζ = MPl

Z

d4 x a3

+ c2s ζ





2
1
1
1 3
2
2 ( ∂i ζ )
+
ζ̇
−
c
ζ̇ − 3ζ ζ̇ 2
s
2
4
10
3
a
xcs
x cs H

( ∂ i ζ )2 3
3
− ζ̇∂i ζ∂i ∂−2 ζ̇ − ∂2 ζ∂i ∂−2 ζ̇∂i ∂−2 ζ̇
2
4
a2

c4s ∂2 ζ (∂i ζ )2
c2s ∂2 ζ
−2
∂
ζ∂
∂
ζ̇
−
+2
. (7.10)
H a2 i i
H 2 a2 a2

Various terms in (7.10) appear to be of different order in 1/c2s ; however,
one should keep in mind that higher spatial derivatives lead to additional
factors of 1/cs in the amplitude of non-Gaussianity, so that e.g. the two cubic
2 8
operators ζ̇ 3 /c10
s and ζ ( ∂i ζ ) /cs contribute comparably to f NL in the small
2
cs limit.
Summing up all the contributions to non-Gaussianity described in Sec. 3.4
yields a simple expression at the leading order in the 1/c2s expansion

BΦ (k1 , k2 , k3 ) = −12

3
20

3

2 H4
MPl

1

(N x )3 c16
s

k3t (k1 k2 k3 )2

"

×

∑
i

k3i

−∑

#
k2i k j

+ 2k1 k2 k3

.

(7.11)

i6= j

The shape of the bispectrum is close to the equilateral one, see Fig. 7.1. We
note, that the second and the third operators above lead to squeezed nonGaussianity, which can not characterize a derivatively coupled theory of the
sort we are considering. Indeed, all non-equilateral contributions cancel out
in the full bispectrum, representing a nice consistency check of our results.
This leaves us with the simple expression in Eq. (7.11).
The fact that all of these terms are equally important at typical frequency
scales of order of the inflationary Hubble rate can also be seen from the
analysis of the 2 → 2 scattering of ζ. As discussed in Chap. 3, it is a fairly
generic fact that the strong coupling scale of a theory shrinks to zero (or,
more precisely, becomes dominated by higher-order effects in the dispersion
relation) as the speed of sound is taken to vanish, namely in the limit we are
interested in here. In particular, in order to be able to trust our low-energy
effective theory, as done in Chap. 6, we should make sure that the strong
coupling scale of that theory is parametrically greater than the Hubble rate

7.2 kwbg inflation

H, the typical energy/frequency scale fixed by the measurements of the
inflationary observables. Using the definitions of Chap. 3, one can estimate
for instance the strong coupling scale associated with the operator ζ̇ 3 :
Λ2?,ζ̇ 3 = x3/2 c11/2
MPl H .
s

(7.12)

Demanding this scale to be larger than the inflationary Hubble rate yields
the following bound
x3/2 c11/2
MPl > H .
(7.13)
s
What about the rest of the cubic operators in (7.10)? We have seen, that
they all contribute by an equal order of magnitude to non-Gaussianity, so
that there should exist a well-defined sense in which they are all “equally
strongly coupled” around the Hubble frequencies. Repeating the above analysis, it is easy to see that the six remaining cubic interactions in (7.10) provide, in general, different strong coupling scales with respect to Λ?,ζ̇ 3 . For
example, the operator ζ ζ̇ 2 starts violating perturbative unitarity in a 2 → 2
scattering of ζ around the frequency scale of order
Λ?,ζ ζ̇ 2 = x3/2 c11/2
MPl .
s

(7.14)

Nevertheless, being different from Λ?,ζ̇ 3 , the expression for Λ?,ζ ζ̇ 2 implies
the exact same condition (7.13) if the scattering at Hubble frequencies is to be
unitary. One can straightforwardly check that the same conclusion applies
to all operators in (7.13), fixing the sense in which all of these operators are
equally important for the physics at the horizon.
We conclude noticing another interesting effect, in addition to the behaviour (7.1). It is the inverse-proportional growth (for non-zero γ and δ)
of the amplitude of non-Gaussianity with a small tensor-to-scalar ratio r:
f NL = γ

c3s 80
cs 80 α2 − 3α + 2 − ε + 3(α − 1)2 c2s
1
−
δ
+...
4
r 81
r 81 (α − 1)3
( α − 1)

(7.15)

This formula, supplemented by the present limits on the primordial gravitational waves, will play an important role in constraining the theories under
consideration.
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C O N S T R A I N T S O N S I N G L E - F I E L D I N F L AT I O N

VLADIMIR: What are you insinuating? That we’ve come to the wrong place?
— Samuel Beckett, Waiting for Godot, Act I.
Given the action (3.9) and the parametrization (3.14)-(3.15), we have proved
that an underlying weakly broken Galileon symmetry allows to explore the
parameter space defined by

0 . |α|, | β|, |γ|, |δ| . O(1) ,
(8.1)
being populated by the models we have analysed in the previous chapters.
Here, we want to figure out how the experimental bounds on the physical
observables, that have been outlined in Part I, constrain the parameters in
the effective action (3.9). This is of crucial importance because it allows, in
principle, to get some indications about the fundamental theory underlying
the inflationary phase, among the plethora of models that the EFTI is able to
capture in a single framework.
However, before proceeding, we find instructive to summarise the defining regimes of some known inflationary models, in order to appreciate and
highlight the main differences and novelties of our WBG regime. This is the
content of the next section.
8.1

wbg inflation and comparison with other models

Without the conceit of providing a full description, we recall here the features of just a couple of models, that are interesting for our purposes. Moreover, we report in Tab. 8.1 the main differences with respect to the WBG
scenarios.
8.1.1

DBI, and related models

In the unitary gauge, these models give rise to the following relations between the dimensionless parameters1


α, γ ∼ 0 ,
| β |, | δ | & ε ,
(8.2)
implying the following behaviour of the amplitude of non-Gaussianity for
strongly subluminal perturbations
f NL ∝

1
.
c2s

(8.3)

In fact, the two non-zero coefficients β and δ parametrically exceed the slowroll parameter ε in the small c2s limit: β ∝ ε/c2s , and δ ∝ ε/c4s . However,
1 See Sec. 3.5 and [35, 42].
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Inflationary models

Parameter hierarchy

c2s

f NL

Canonical slow-roll

ε  1; α, β, γ, δ = 0

1

∼ε

α, γ = 0; ε  β  δ

ε
β

∼

1
c2s

ε  α, β, γ, δ

α (1− α )
β−3α(2−α)

∼

1
c2s

DBI-like

theories

Galileon inflation
SRWBG

inflation

ε ∼ α, β, γ, δ

ε+α
ε+ β−6α

∼

1
c4s

KWBG

inflation

ε  α, β, γ, δ ∼ 1

α (1− α )
β−3α(2−α)

∼

1
c6s

Table 8.1: Phenomenological predictions of the analysed models. We neglect higher
derivative operators, restricting the discussion to the operators in (3.9) proportional to Mi4 and M̂i3 .

current experimental bounds imply c2s & ε for the DBI model [19], so perhaps
the optimal values for these parameters to keep in mind are

| β| . 1,

8.1.2

|δ| ∼

β
.
c2s

(8.4)

G-inflation/Galileon inflation

In this category, we collect inflationary theories characterized by the dimensionless parameters of (3.9) satisfying the following conditions

| β | , | γ |, | δ | ∼ 1 ,
|α| < 1 ,
(8.5)
so that the subluminal limit corresponds to
c2s ∼

α
<1.
β

(8.6)

This can be the case in G-inflation [96] and Galileon inflation [90]. For a suppressed speed of sound, the amplitude of non-Gaussianity grows similarly
to DBI models
1
f NL ∝ 2 .
(8.7)
cs
It has been noticed by Burrage et al. [90], however, that in the unitary gauge
the most general theory of Galileon inflation introduces extra cubic opera√
j
tors, such as − g δN (δK ij δKi − δK2 ) (with an order-one coefficient in Planck
units), and these can result in a faster growth
f NL ∝

1
.
c4s

(8.8)

We have not included such operators in our analysis. The major reason is
that, as we will see in the next section, constraints on various inflationary
models described by the EFT (3.9) are already quite strong regardless of the
cubic operators; including the latter can loosen the constraints due to nonGaussianity, but only at an expense of some cancellations.

8.2 preliminaries

8.1.3

Slow-roll inflation with WBG symmetry

This class of theories, which we will refer to as SRWBG from now on, has
been introduced in Chap. 6 and gives rise to the values of the dimensionless
parameters of the EFT (3.9) suppressed by slow-roll

| α |, | β |, | γ |, | δ | ∼ ε .
(8.9)
The speed of sound of scalar perturbations is generically order-one, but
not necessarily strictly one, in contrast to canonical slow-roll inflation. The
background evolution, along with all background characteristics (spectral
tilt, number of e-folds from freeze-out of the CMB modes until the end of
inflation, spectrum of gravitational waves, etc.) are all parametrically similar
to garden-variety slow-roll models. What is different, though, is that the
scalar perturbations can be more strongly coupled than in canonical slowroll inflation, in a way that, nevertheless, allows to keep control over the
derivative expansion. This leads to an amplitude of non-Gaussianity that
grows like
1
(8.10)
f NL ∝ 4
cs
in the subluminal limit. Note that, while this behaviour is similar to (8.8),
the underlying models are very different: the SRWBG model is a minimal
deformation of slow-roll inflation, unlike Galileon inflation which describes
a kinetically-driven background. Moreover, as already mentioned above, the
version of Galileon inflation described by the EFT (3.9) in fact yields a DBIlike growth, Eq. (8.3), while the slow-roll theories with WBG invariance lead
to (8.10) already within the realm of the EFT (3.9). The strong dependence
of non-Gaussianity on the speed of sound allows to generate appreciable
values for f NL even for mildly subluminal perturbations, arising for
α ' −ε

(8.11)

in the SRWBG model (see Eq. (7.7)).
8.1.4

Kinetically driven inflation with WBG symmetry

This model, discussed in Chap. 7, is characterized by the hierarchy

| α |, | β |, | γ |, | δ | ∼ 1 ,

(8.12)

closing the range of values (8.1), admitted by the WBG symmetry. Such a configuration is also captured by the models in Sec. 8.1.2, but we have preferred
to dedicate a separate paragraph to the regime α ' 1 yielding the strong enhancement (7.1), which was unnoticed in the previous works. Moreover, this
has provided the simplified ζ-action (7.10) and the bispectrum (7.11).
In Fig. 8.1, we identify the defining regimes of all these models. The purpose of the rest of this chapter is to add the experimental constraints and
draw the excluded regions on the sketch of Fig. 8.1.
8.2

preliminaries

Concerning the phenomenology, we find that the constraints on the effective theory (3.9) are rather robust: despite the apparent multitude of the
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Figure 8.1: Various single-field models of inflation in the α-β plane.

coefficients, basic theoretical considerations (such as the absence of instabilities and of superluminal scalar modes) and current limits on the primordial gravitational waves and non-Gaussianity already limit most of the
parameter space. These constraints operate in a coordinated way, ruling out
complementary regions. Moreover, we find that the theoretical and experimental viability of a given region of the parameter space is to a great extent
determined by the set of just three numbers characterizing the operators in
(3.9): α, β and ε. Indeed, at the quadratic level, the action (3.9) captures all
single-field models with scalar perturbations obeying the usual, phonon-like
dispersion relation
ω = cs k ,
(8.13)
EFT

at energy scales of order H, and our results apply to any theory with
the latter property. Actually, there are other two additional operators one
can add to the Lagrangian (3.9) to be consistent with Eq. (8.13). These are
√
√
j
− g (δK ij δKi − δK2 ) and − g δN (3)R . However, both these operators are
redundant and can be removed by a perturbative field redefinition [23, 120],
so at least the quadratic piece of our action (3.9) is very generic. Since, as remarked above, the majority of the constraints on the EFT (3.9) stem precisely
from the quadratic Lagrangian, our analysis should (at least qualitatively)
capture the phenomenology of any model satisfying (8.13).
Current data still allow for an appreciable range of parameters for the EFTI
(3.9), leaving room for detectable non-Gaussianity. Reducing the existing upper bound on the tensor-to-scalar ratio by less than an order of magnitude,
r < 10−2 ,

(8.14)

would however put the theories that predict the tensor and the scalar tilts
of the same order (|n T | ∼ |ns − 1| ∼ ε) in a serious tension with experiment.
In this case, the slow-roll inflation with WBG symmetry (SRWBG), introduced
in the previous chapters, has a slightly better chance of surviving the bound
(8.14). Unlike the canonical slow-roll models with plateau-like potentials
famously in agreement with (8.14), this model can be consistent with the
latter constraint even if driven by a convex potential, as well as give rise to
somewhat strongly coupled and highly non-Gaussian (| f NL | ∼ 1 ÷ 20) scalar
perturbations.

8.3 constraints

8.3

constraints

There is a number of constraints, both theoretical and experimental, that
the models 8.1.1 through 8.1.4 discussed in the previous section are subject
to. Above all, there is a constraint expressing the absence of negative norm
states (or, alternatively, boundedness from below of the Hamiltonian) and of
gradient instability. Moreover, motivated by the discussion in Chap. 3, we
demand the absence of superluminal scalar perturbations. The above considerations then summarize into the following conditions on the parameters of
the theory
N >0,
0 < c2s ≤ 1 .
(8.15)
Furthermore, an important role for our analysis will be played by the current limits on the amplitude of primordial gravitational waves. The tensorto-scalar ratio (2.30) can be readily read off the quadratic ζ action and Eqs.
(7.6)-(7.7):
s
N c3s
ε + α − α2
ε + α − α2
.
(8.16)
r = 16 2 = 16
( α − 1)2
3α2 − 6α + β + ε
MPl
In the slow-roll limit, α = β = 0, this reduces to the familiar expression
rsr = 16ε, while for DBI inflation (α = 0) rDBI = 16εcs .
Finally, we will impose the experimental limits concerning primordial
non-Gaussianity. The full calculation of the scalar bispectrum for the theory (3.9) has been presented in Sec. 3.4.2.
The precise expression for f NL in terms of the dimensionless parameters
of the action (3.9) (including the slow-roll parameter ε) is not particularly
illuminating. As discussed previously, in different regions of the parameter
space corresponding to significantly subluminal scalar perturbations, f NL
2p
acquires a simple leading behaviour of the type f NL ∝ 1/cs , with p = 1, 2
or 3. Moreover, for non-zero γ and δ, there is a " f NL ∝ 1/r effect", mentioned
in Eq. (7.15).
We will ultimately project the parameter space onto the α-β plane, so
some input regarding the magnitude of the slow-roll parameter ε is needed.
The measured tilt of the primordial scalar spectrum ns suggests that ε .
|ns − 1| ∼ 10−2 . The latter bound is saturated for many inflationary models,
e.g. those with convex potentials. On the other hand, there are models characterized by plateau-like potentials such as Starobinsky R2 inflation [121],
or the so-called IR DBI inflation [122], where ε can be much smaller than the
scalar tilt. In order to capture both classes of models, we will assume two
values for the slow-roll parameter in our analysis: ε = 10−2 and ε ∼ 0 (the
latter precisely defined below).
The three constraints discussed above lead to an interesting interplay, in
many cases excluding complementary regions of the parameter space. Consider, for example, a DBI-like model with a generic power-law potential, so
that ε ∼ 10−2 . The tensor-to-scalar ratio, rDBI = 16εcs , has to be below ∼ 0.1
according to the current experimental limits [19], requiring a somewhat suppressed speed of sound. On the other hand, significantly suppressing cs , one
runs into tension with the current limits on non-Gaussianity, in accord with
Eq. (8.3). The constraint for DBI models is roughly cs & 0.1 [27] (see also Sec.
3.5). This means that measuring r ∼ 10−2 would rule out the given class of
theories. In contrast, DBI theories driven by plateau-like potentials, like the
IR model of Ref. [122], are characterized by ε  10−2 and therefore have a
better chance of being consistent with a small tensor-to-scalar ratio.
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Figure 8.2: Various regions of the parameter space, excluded by the requirements
of stability & subluminality (orange), current limits on the amplitude
of primordial gravitational waves (red), and on non-Gaussianity (blue).
The slow-roll parameter has been fixed to ε = 10−2 , and the red and
blue bands correspond to regions excluded respectively by the bounds
r < 0.07 and −50 < f NL < 50. The parameters γ and δ have been chosen
to vanish everywhere except the upper left panel, where they have been
set to γ = δ = 5.

8.3 constraints

Figure 8.3: Here we illustrate the exact same situation as in Fig. 8.2, with the only
difference in the exclusion from the tensor-to-scalar ratio: the red band
now corresponds to the regions where r > 10−2 .
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The examples of exclusion plots for the general parameter space of interest are shown on Figs. 8.2-8.5. On the first two of these figures, we assume
ε = 10−2 , while the last two correspond to ε ∼ 0. Moreover, we require f NL
to be in the range −50 < f NL < 50, motivated by the current limits on equilateral non-Gaussianity [27], displayed in Tab. 2.2. The orange, red and blue
regions depict parts of the parameter space excluded by instabilities and/or
superluminality, limits on the tensor-to-scalar ratio, and on non-Gaussianity
respectively.
8.3.1

Models with ε ∼ |ns − 1|

In Fig. 8.2, the red regions are the exclusion bands due to the present 95%
C.L. bound on the amplitude of the primordial gravitational waves, r0.05 <
0.07 [21]. One can see, that the data prefer a significantly suppressed α,
effectively ruling out inflationary theories with α  10−2 : this is a rather
general result, true for all cases that we consider below2 .
For α much smaller than ε, the boundary between the DBI and G-/Galileon
inflation is blurred. However, an important discriminant that remains is the
fact that γ can be much larger in the latter class of models. For this reason, we have chosen γ = δ = 5 in the upper left panel, which results in
an additional exclusion region in G-/Galileon inflation due to large nonGaussianity stemming from the "1/r" effect of Eq. (7.15) (from the two terms
in this equation, only the one proportional to γ contributes significantly).
Had we chosen |γ|  1 as in DBI inflation, this band would have completely
disappeared from the plot. The regions of the α-β plane explored in the rest
of the panels in Fig. 8.2 are not affected by γ and δ for reasonable values
of these parameters3 so we have set them to zero everywhere except in the
upper left one.
The upper right panel of Fig. 8.2 shows the blue exclusion region due to
non-Gaussianity in the f NL ∝ 1/c2s regime, characteristic of the models 8.1.1
and 8.1.2. The blue band shown here appears for larger values of β, where
the speed of sound becomes small enough – see Eq. (7.7) –
c2s ∼

O(α, ε)
,
β

(8.17)

so as to trigger the growth of f NL according to Eqs. (8.3) and (8.7).
Another part of the parameter space, corresponding to the model 8.1.4
(KWBG) is shown on the lower left panel. One can see, that the region excluded by non-Gaussianity due to the abrupt growth f NL ∝ 1/c6s is concentrated around α ' 1. Unfortunately, this model is already ruled out by the
limits on the primordial gravitational waves, combined with the theoretical
requirements of stability and subluminality.
Finally, on the lower right panel, we zoom onto the parameter space corresponding to the SRWBG model of Chap. 6. One can see the exclusion band
from non-Gaussianity around α ' −ε, corresponding to f NL growing like
∼ 1/c4s . Just like in DBI/G-/Galileon inflation, there remains an appreciable portion of the parameter space still allowed by our constraints with
r . 0.07, including regions of the α-β plane characterized by detectable
2 The allowed region can in fact reach out to α ' 0.1, but this only happens for β ∼ 50, casting
shadow on the quantum stability of the corresponding theories.
3 For the upper right and the lower left panels, even setting γ ∼ δ ∼ 10 has little effect on the
exclusion regions. The lower right panel corresponds to the model 8.1.3 (SRWBG), where both
of these parameters are naturally of order ε and lead to negligible effects.

8.3 constraints

non-Gaussianity. We stress again, however, that the SRWBG model, being in
a well-defined sense a minimal deformation of canonical slow-roll inflation,
is very different from the rest of the models considered in Sec. 8.1.
While the current data still leave some room for most of the models with
ε ∼ |ns − 1|, the situation can change dramatically if the upper limit on r decreases to r . 10−2 (which is less than an order of magnitude improvement
in current precision). The plots, corresponding to this case, are shown in
Fig. 8.3. One can see that the regions that were previously allowed are now
fully covered by the exclusion bands from gravitational waves. The only region that still remains is a narrow band in the slow-roll model with weakly
broken Galileon invariance, shown on the lower right panel of Fig. 8.3.
The canonical models of slow-roll inflation sit at the origin of the α–
β plane and are of course not visible on our plots. Measuring r . 10−2
would rule out most of these, with an exception of models with plateaulike potentials, such as Starobinsky R2 inflation [121]. In these models, the
tilt of the scalar spectrum is mostly determined by the second slow-roll
2 V 00 /V, so that ε can be much smaller than | n − 1|
parameter, ηV ≡ MPl
s
to suppress the tensor-to-scalar ratio. Needless to say, falling into the category of canonical slow-roll theories, R2 inflation predicts undetectable nonGaussianity, f NL ∼ 10−2 [20]. In contrast, the (non-canonical) slow-roll inflation with WBG symmetry, even if driven by the simplest convex potentials
(with ε ∼ |ns − 1|), does possess a parameter space consistent with tensor-toscalar ratios as small as r . 10−2 , as seen from the lower right panel of Fig.
8.3. Moreover, close to the blue non-Gaussianity exclusion band, this model
can generate detectable (equilateral) non-Gaussianity, | f NL | . 50.
8.3.2

Models with ε  |ns − 1|

It is well-known that the tensor-to-scalar ratio r can be significantly suppressed (and therefore the bounds coming from this observable ameliorated)
in models where the variation of the inflationary Hubble rate does not significantly contribute to the scalar tilt. A famous example are theories (slow-roll
or not) driven by plateau-like potentials. To capture this class of models, we
repeat the analysis of the previous subsection setting now ε = 0 for all plots4
but that corresponding to slow-roll WBG inflation (in which the regime with
large non-Gaussianity crucially depends on the presence of a non-zero slowroll parameter ε – see Eq. (8.11)). In the latter case we set ε = 10−3 . Apart
from these modifications, the Figs. 8.4 and 8.5 correspond to the exact same
choices of parameters as in Figs. 8.2 and 8.3 respectively.
The situation for ε  |ns − 1| is qualitatively similar to the previous case
(ε ∼ |ns − 1|). The current data still allows a parameter space consistent with
the existing bounds on r and corresponding to measurable non-Gaussianity.
However, improving the limits on the amplitude of primordial gravitational
waves could still induce dramatic changes. One novelty compared to the
case of the previous subsection is that for ε ∼ 0 there would still remain
a small allowed parameter space for DBI/G-/Galileon inflation even if r <
10−2 (see the upper right panel of Fig. 8.5). Moreover, a much larger fraction
of the allowed parameter space would survive the r < 10−2 bound in the
SRWBG model, as seen from the lower right panels of Figs. 8.4 and 8.5.
4 Ideally speaking, DBI inflation corresponds to a vanishing coefficient α. Setting ε = 0 then
sends the speed of sound to zero, or equivalently, f NL to infinity, ruling out the DBI models
with vanishing ε. This can be seen e.g. on the upper right panel of Fig. 8.4, where the nonGaussianity exclusion band covers the whole α = 0 axis. Of course, in a more realistic situation
with a small but non-zero ε, an allowed region with α = 0 and a small enough β opens up.

79

80

constraints on single-field inflation

Figure 8.4: Various regions of the parameter space corresponding to models discussed in Sec. 8.1. The red band shows the regions excluded by requiring
r < 7 × 10−2 , while ε = 0 in all panels but the lower right one, which has
ε = 10−3 .

8.3 constraints

Figure 8.5: Here we illustrate the exact same situation as in Fig. 8.4, with the only
difference in the exclusion from the tensor-to-scalar ratio: the red band
now corresponds to the regions where r > 10−2 .
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8.4

conclusive remarks

In this chapter, we have outlined qualitatively the experimental bounds on
the parameters of the EFTI introduced in Part I, comparing some inflationary
scenarios and focusing on theories with an underlying WBG invariance. We
have argued above that, at the quadratic order, the effective action (3.9) only
up to the operator δNδK is the most general one that captures all the theories
characterized by scalar perturbations with usual, phonon-like dispersion
relation (8.13)5 . From an EFT point of view, the main consequence of the WBG
symmetry is that the higher derivative operator δNδK can be as relevant as
δN 2 , without invalidating the effective description. This effect is reflected in
possibly enhanced non-Gaussianity in the scalar spectrum. The amplitude
can be significantly larger with respect to the predictions of other models of
inflation involving the same operators in the effective formulation. Probably,
the phenomenologically most interesting WBG inflationary model consists in
a slow-roll evolution admitting large non-Gaussianity, as discussed in Chap.
6. Furthermore, as shown in Chap. 4, the WBG invariance determines the
existence of non-renormalization properties, that guarantee the quantum
stability of the result and the validity of the effective expansion. This concept
has been the main reason that motivated the present work. In Part II, it has
been discussed mostly in the context of the standard inflationary paradigm.
In the next part, it will be employed in a different class of cosmic evolutions.

5 We want to remark on the fact that our qualitative analysis of Chap. 8 is rather general but it
is not without loopholes. Indeed, there exist models such as ghost inflation [36, 37, 123] where
α ∼ 0 and the background describes a perfect de Sitter space (i.e. ε = 0), so that the scalar
speed of sound vanishes at the zero-th order, consistently with our general expression for c2s ,
Eq. (7.7). In such a case, one ought to consider effects of higher-derivative operators in (3.9), e.g.
δK2 , that will dominate the gradient energy of the scalar modes at horizon crossing, namely
at characteristic frequencies of order ω ∼ H. This results in a rather different ω = k2 /M
dispersion relation with some cutoff scale M, which would modify our analysis.

Part III
A N A LT E R N AT I V E T O T H E S TA N D A R D
COSMOLOGICAL EVOLUTION
We propose a class of scalar models that, once coupled to gravity,
lead to cosmologies that smoothly and stably connect an inflationary quasi-de Sitter Universe to a low, or even zero-curvature,
maximally symmetric space-time in the asymptotic past, strongly
violating the Null Energy Condition (NEC) ( Ḣ  H 2 ) at intermediate times. The models are deformations of the conformal
Galileon Lagrangian and are therefore based on symmetries, both
exact and approximate, that give rise to the quantum robustness
of the whole picture. The resulting cosmological backgrounds
can be viewed as regularized extensions of the Galilean Genesis
scenario, or, equivalently, as “early-time complete” realizations
of inflation. The late-time inflationary dynamics possesses phenomenologically interesting properties: it can produce a large
tensor-to-scalar ratio within the regime of validity of the effective
field theory and can lead to sizeable equilateral non-Gaussianity.

9
I N F L AT I O N F R O M M I N K O W S K I S PA C E

Naturally, we were all there - old Qfwfq said - where else could we have been?
Nobody knew then that there could be space. Or time either: what use did we have
for time, packed in there like sardines? I say “packed like sardines", using a
literary image: in reality there wasn’t even space to pack us into. Every point of
each of us coincided with every point of each of the others in a single point, which
was where we all were. In fact, we didn’t even bother one another, except for
personality differences, because when space doesn’t exist, having somebody
unpleasant like Mr. Pbert Pberd underfoot all the time is the most irritating thing.
— Italo Calvino, Le Cosmicomiche.
9.1

towards non-standard cosmologies

The Big Bang cosmology is essentially inspired by the observational fact
that the Universe is expanding. Indeed, this suggests that, going backward
in time, the Universe shrinks and becomes smaller. On the other hand, the
time derivative of (2.6) yields
ρ̇ = −3H (ρ + p) .

(9.1)

In other words, in a standard Universe satisfying the Null Energy Condition (NEC) ρ + p ≥ 0 the energy density can never increase. This means that
not only the Universe should have been very compact in the past but also
extremely high energies should have been involved. This provides a connection between cosmology and high energy physics, which could shed light
on the extreme initial phases. However, at the Planck scale General Relativity is expected to break down and some completion is required. These
ingredients define the standard Big Bang paradigm.
As discussed in Chap. 1, such a picture is not devoid of defects. Indeed,
an inflationary phase has to be invoked in order to solve some issues. The
prize we have to pay is the violation of the Strong Energy Condition (SEC),
ρ + 3p ≥ 0.
At this point, a natural and fascinating question arises: could the NEC
be consistently violated during the cosmic evolution? If this were possible,
as it is clear from (9.1), one could get rid of the initial extreme regimes,
disregarding any short-distance completion of gravitational interactions in
the past, which is unavoidable in any NEC-satisfying cosmology. In other
words, the Big Bang singularity could be smoothed down and the Universe
would emerge from a flat space-time1 . As we will see, this is not only of
1 Using the Friedmann equations (2.6)-(2.7), the violation of the NEC is equivalent to Ḣ =
−4πG (ρ + p) ≥ 0, which justifies the introduction in this chapter of a different definition
for the ε-parameter, with respect to Eq. (2.18). Indeed, we will define ε ≡ Ḣ/H 2 , in order to
make it positive definite.
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academic interest, because it automatically solves for instance the problems
of the standard Big Bang model.
It is fair to say that violating the NEC is usually synonymous with instabilities, at least for a system consisting of an arbitrary number of scalar fields
with up to one derivative per field in the action [124, 125]. The simplest example is provided by a ghost field with the “wrong sign” in the kinetic term:
indeed, from (2.16)-(2.17) one immediately infers that ρ + p < 0. However,
a ghost field is generically associated with a catastrophic vacuum instability.
More in general, in [124] Dubovsky et al. proved that if a solution violates
the NEC either it is unstable or, if it is stable, both its stress-energy tensor is
anisotropic and some superluminal perturbations propagate [126].
Nevertheless, the statement is not without consistent loopholes. One possibility of evasion is provided by the ghost condensate [127], that crucially
relies on (spontaneously) breaking Lorentz invariance in a way that gives
rise to a non-standard ω ∼ k2 infrared dispersion relation for the scalar
field driving the NEC violation. Indeed, it was argued in [16] that ghost
condensation can lead to consistent alternative cosmologies with a weak
( Ḣ  H 2 ) violation of the NEC. Another loophole has historically emerged
with the discovery of the Galileon [75], which is ghost free, as we have seen.
It has immediately been realized that (conformal) Galileons can be implemented in building a NEC-violating alternative scenario to the standard Big
Bang paradigm, referred to as Galilean Genesis (GG) [4]. In this class of models, conformal transformations, or sometimes just the dilatations [128], are
assumed to be a symmetry of the flat-space theory, non-linearly realized
by a scalar field π, while couplings of π to gravity are assumed to weakly
break that symmetry. A crucial difference from the standard Big Bang model
is that gravity is largely irrelevant for the early Universe described by GG:
the cosmological phase of interest, during which the perturbations (relevant
for the CMB) are produced, effectively takes place on a quasi-Minkowski
space-time, while scale-invariant density perturbations are naturally produced due to the unbroken dilatation invariance of the time-dependent
scalar background2 . As mentioned before, flatness, homogeneity and horizon problems are automatically solved due to the quasi-Minkowski nature
of the background space-time and the gradual shrinking of the comoving
Hubble horizon ( aH )−1 . It is thus fair to say that, as far as the standard
problems of the Big Bang cosmology as well as density perturbations are
concerned, Galilean Genesis is degenerate in its predictions with inflation.
The differences come with the inclusion of tensor modes: irrelevance of
gravity in genesis cosmologies results in a strongly blue-tilted and completely unobservable (at least as far as the CMB experiments are concerned)
spectrum of tensor perturbations [4]. For that reason, it is commonly believed that any possible detection of primordial gravitational waves would
strongly disfavour genesis models, as well as their many variations. Indeed,
a detectable, scale-invariant tensor spectrum requires the background spacetime to be (quasi-) de Sitter at the time of freeze-out of the relevant set of
modes (for instance, we refer to [23] for a recent discussion). In the case
of a detection of primordial tensor modes, this would mean that any scenario that aims to describe the early Universe should allow for a sufficiently
extended period of de Sitter evolution. This apparently singles out the stan2 Similar ideas lie behind other constructions, such as that of a complex scalar rolling down a
negative quartic potential [129, 130], the pseudo-conformal Universe [131] and DBI genesis [68,
69]. The corresponding NEC-violating backgrounds are characterized by the same symmetrybreaking pattern, albeit technically realized in different ways.

9.1 towards non-standard cosmologies

Figure 9.1: A sketch of the early Universe expansion rate as a function of time for the
standard slow-roll inflation (black), as well as original (red) and extended
(blue) genesis scenarios.

dard inflation as the preferred paradigm to provide our flat and homogeneous Universe.
One motivation of this third part is to re-assess the latter observation,
with a focus on Galilean Genesis as an alternative to inflation. We will
broadly define the genesis as a phase of the Universe with a strongly NECviolating (ε ≡ Ḣ/H 2 ≥ 1) expansion that starts out in a low-curvature,
maximally symmetric (essentially Minkowski or de Sitter) space-time. Can
such initial conditions result in a scale-invariant and unsuppressed tensor
spectrum in a sufficiently broad range of physical scales? As noted above,
at least for scalar-tensor theories we will be discussing below, generating
scale-invariant tensor modes requires the geometry to be close to de Sitter
for a certain period of time during the system evolution. The question therefore reduces to that of the possibility for the Universe to consistently evolve
from a low/zero-curvature background in the far past to a much higher
curvature inflationary de Sitter space-time capable of generating observable
tensor spectrum at intermediate stages of its history. Because the system has
to pass through a quasi de Sitter regime, one should be able to keep good
theoretical control over the dynamics beyond the point when gravity starts
playing a non-negligible role. Indeed, in the original GG, the moment of time
t0 at which gravity becomes order-one important is roughly the moment of
the EFT breakdown and not too long after that the Universe is assumed to
reheat, while all relevant cosmological perturbations are generated at times
t  t0 (we will assume time to flow from t = −∞ towards t = 0 throughout). This situation is sketched by the red curve on Fig. 9.1. In terms of the
model parameters,
f 1
t0 ∼ −
,
(9.2)
MPl H0
where f is the decay constant of π, while H0  f is a free parameter, setting
the scale for the expansion rate around t ∼ t0 (the natural value for the
decay constant is f ∼ MPl , which we will assume for definiteness in what
follows). The slow-roll parameter ε, starting out formally infinite at t = −∞,
decreases with time and is naively estimated to be of order unity at t0 . This
means that the geometry can not be approximated by de Sitter space at any
time during the genesis phase.
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While most of the qualitative features of GG directly follow from the scaleinvariance of the (flat-space) π-Lagrangian, the latter symmetry is badly broken by gravity around t = t0 . The background field value can be estimated
at that time as
φ ≡ eπ ' O(1) ,
(9.3)
whereas throughout the genesis phase φ  1. Let us imagine that the
scale-invariant GG Lagrangian is supplemented by dimension-five or higher,
dilatation non-invariant operators. One is then led to conclude that the
symmetry-breaking terms in the effective action for π itself can start influencing the dynamics for t ∼ t0 – even in the extreme case that these
are down by the Planck scale. Indeed, the canonically normalized field πc
becomes of order πc (t0 ) ∼ f , making e.g. the Planck-suppressed operator
πc (∂πc )2 of the same order as the kinetic term – at least in case that the
decay constant f is not far from MPl . These estimates motivate the extension of the π action with dilatation-breaking operators that, while irrelevant
throughout the genesis phase, could in principle strongly influence the dynamics around the time when gravity becomes order-one important.
We will show below that, at least for a well-defined subclass of the resulting extensions, cosmological solutions resembling Galilean Genesis at early
times, but smoothly extending beyond the time t = t0 as illustrated by the
blue curve on Fig. 9.1, do exist. These solutions, starting from some time ti ,
asymptotically reach an inflationary (quasi) de Sitter space on which both
the scalar and the tensor modes are generated with scale-invariant spectrum, just like in inflation. Nevertheless, the scenario at hand – referred to
as Extended Genesis below – crucially differs from inflation in the Universe
evolution at early times (t  ti ). Most importantly, NEC violation provides
the possibility to avoid the singularity in the past, with the Universe gradually relaxing to a low- (or even zero-) curvature space as it is run backwards
in time. Due to the latter property, Extended Genesis can be alternatively
viewed as an early-time complete realization of inflation.
In the cases we consider below, the late-time dynamics of the Extended
Genesis will be described by NEC-violating versions of G-/Galileon inflation, equipped with the weakly broken Galileon symmetry and all its phenomenologically attractive properties. First, it can produce a large tensorto-scalar ratio without trans-Planckian field excursions, unlike the standard
slow-roll inflation [132]. Second, a WBG phase can lead to a sizeable equilateral non-Gaussianity, with distinctive signatures with respect to ghost
and DBI models, and the standard Galileon inflation, as we have widely discussed in the previous part. Finally, since π itself acquires a scale-invariant
spectrum, it is in principle unnecessary to invoke spectator fields, required
in many alternative models to inflation, to generate the observed density
perturbations.
9.2

generalities

Before diving into a more detailed discussion, we briefly highlight the major
properties of theories allowing for the genesis-de Sitter transition. We expect
these properties to be the defining ingredients of any other construction
capable of achieving our goals. Most importantly, the theories of interest
enjoy an enhanced symmetry both for small and for large values of the

9.2 generalities

Figure 9.2: Illustration of emergent symmetries on backgrounds with various expectation values of the scalar π.

“sigma model” field φ. In both limits eπ  1 and eπ  1, the (flat-space)
π-Lagrangian will acquire invariance either under dilatations,
π ( x ) → π (eλ x ) + λ ,

(9.4)

describing the scale-invariant (and, in special cases, conformal) Galileon [75],
or under constant shifts,
π (x) → π (x) + λ ,

(9.5)

describing for instance P( X ) theories3 or the ghost condensation [127, 36].
Apart from the two asymptotically exact symmetries, for eπ & 1 it is useful
to equip the Lagrangians under consideration with a weakly broken invariance under internal Galileon transformations,
π → π + bµ x µ ,

(9.6)

leading to a theory of the type (4.16)-(4.19), because of the important consequences we have demonstrated in Part II. Galileon invariance becomes
more and more pronounced as π → 0. As we will see in Sec. 9.4, in certain
cases the small-field regime will itself consist of two qualitatively different
stages – the system gradually evolving from ghost condensate (described by
an effectively shift-symmetric theory) in the asymptotic past into Galilean
Genesis with an enhanced scale-invariance (9.4) – all while φ  1.
The asymptotically emergent symmetries are precisely what makes the
existence of NEC-violating cosmologies, interpolating between Minkowski
and de Sitter space-times possible. Let us consider for instance the genesisde Sitter transition of Fig. 9.1. The enhanced conformal invariance at early
times/small field values4 generically gives rise to a GG-like evolution of the
Universe, whereby the conformal invariance SO(4, 2) gets broken down to
the maximal de Sitter subgroup SO(4, 1) by a time-dependent background5 ,
the Hubble rate and the sigma model field eπ growing as time flows from
t = −∞ towards t = 0. On the other hand, whenever eπ starts exceeding
unity, the emergent shift symmetry naturally leads to an attractor solution
with de Sitter geometry on which the scalar acquires a linear profile, π ∝ t
[36, 96]. This qualitatively explains the gradual transformation between GG
and de Sitter phases, as illustrated by the blue curve in Fig. 9.1.
Last but not least, the enhanced symmetries for large and small field values lead to the quantum robustness of the whole qualitative picture. Indeed, both symmetries (9.4) and (9.5) are broken at order one when eπ ∼ 1,
3 By “P( X )” we mean an arbitrary polynomial in X ≡ −(∂π )2 .
4 To avoid confusion, we note again that “small field values” refers to the expectation value of
the sigma model field eπ , while the Goldstone π is characterized by large negative values in
the given regime.
5 We stress that while de Sitter group is the (linearly realized) symmetry group of the scalar
action, the geometry throughout the Galilean Genesis phase remains close to flat.
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making it hard to argue in favour of quantum stability of the detailed
intermediate-time behaviour of our solutions. Nevertheless, the presence
of asympotic exact (or even only weakly broken) symmetries determines
the radiative stability of both the early- and the late-time dynamics. Backgrounds exhibiting the genesis-de Sitter transition can thus be expected to
exist generically, since both of the asymptotic solutions arise solely from symmetry considerations. A similar discussion of quantum robustness has been
given in Ref. [133] in the context of flat-space constructions interpolating
between NEC-satisfying and NEC-violating vacua.
For completeness, in the rest of the section we give a relatively detailed
overview of the two asymptotic regimes of the solutions we wish to study.
9.2.1

Galilean Genesis

The conformal symmetry, SO(4, 2), can be generically broken down to its
maximal, de Sitter subgroup SO(4, 1) by a time-dependent scalar profile
[75, 126, 134]. One way to achieve such breaking is via the (simplest nontrivial) conformal Galileon Lagrangian


Z
p
f3
f3
4
2 2π
2
2
4
S1 = d x − g f e (∂π ) + 3 (∂π ) π +
(∂π ) .
(9.7)
Λ
2Λ3
It can be straightforwardly checked that the theory possesses an exact rolling
solution on flat space-time [4, 126]
eπ = −

1
,
H0 t

H02 =

2Λ3
,
3f

(9.8)

leading precisely to the SO(4, 2) → SO(4, 1) breaking pattern. The dilatation
invariance, left unbroken by the background, leads to a vanishing energy
density6 , ρ = 0, while the pressure p = −2 f 2 /( H02 t4 ) is negative – implying
a strongly NEC-violating ( Ḣ  H 2 ) expansion [4]. The Universe described
by GG starts out in flat space-time, the Hubble rate growing according to the
2 Ḣ = −( ρ + p ), which upon integration
second Friedmann equation 2MPl
yields
1 f2 1
H'−
.
(9.9)
2 H 2 t3
3 MPl
0
The time t0 at which gravity starts playing non-negligible role (H ∼ π̇), can
be estimated as in (9.2). It roughly coincides with the time of EFT breakdown/start of reheating. Scalar perturbations, relevant for the CMB are instead produced at earlier times t . t0 , via minimally coupling an additional,
dS = e2π η .
scaling dimension-0 field ϕ to the “fake de Sitter” metric gµν
µν
This leads to a scale-invariant spectrum for the spectator ϕ (despite the
background metric being practically flat), that can be later imprinted on
the physical curvature perturbation ζ through one of the standard mechanisms [135, 136, 137]. The near-to-flat geometry on the other hand implies
a strongly blue-tilted tensor spectrum PT (k) ∼ k2 , largely irrelevant for CMB
observations [4].
9.2.2

Inflation with WBG symmetry

Inflation with a WBG symmetry has been the central topic of Part II. However,
it is worth dedicating here another paragraph in order to review it with a
6 This immediately follows from scale-invariance (ρ ∝

1
)
t4

plus the energy conservation (ρ̇ = 0).

9.2 generalities

more useful notation for the purposes of this third part. We collect here the
main results and specialise to a particular case. Describing the late-time de
Sitter asymptotic phase, we will be interested in the following WBG action


Z
p
f3
f3
S2 = d4 x − g f 2 (∂π )2 + γ3 3 (∂π )2 π + γ4 3 (∂π )4 ,
(9.10)
Λ
2Λ
where γ3,4 are constant parameters. The above action represents a particular
case of the theory (5.1), possessing all the nice quantum properties and the
physical consequences extensively studied in Part II.
The form of the action (9.10) is dictated by the early-time asymptotic
genesis. Indeed, both the interactions in (9.10) are also present in (9.7), the
only difference between the two theories being that the former lacks scaleinvariance. Moreover, the Galileon term is crucial for the speed of sound in
the inflationary regime to be strictly positive.
In the notations of (9.10), the Friedmann equation and the equation of
motion for π take on the following form on spatially flat FRW backgrounds


f2
4
3
2 2
γ
π̇
+
4γ
H
π̇
−
H
π̇
,
(9.11)
3
4
0
2 H2
3MPl
0




4γ4 π̇ 2 + 8γ3 H π̇ − 2H02 π̈ + 4γ4 H π̇ 3 + 4γ3 3H 2 + Ḣ π̇ 2 − 6H02 H π̇ = 0 ,
H2 =

(9.12)
making the existence of de Sitter vacua (H = const.) with a linear π ∝
t profile explicit – a direct consequence of shift-invariance (9.5) of the πLagrangian. Furthermore, the expansion rate and the scalar profile can be
estimated as
f2
π̇ ∼ H0 .
(9.13)
H 2 ∼ 2 H02 ,
MPl
As we have learnt in Part I, the simplest and the most straightforward
way of studying the spectrum of scalar perturbations is based on the EFTI
(see Chap. 3). However, for matter of convenience, we prefer the notations of
App. D. Therefore, the two operators in the effective theory (D.2) that lead
to non-trivial dynamics at high energies are the δN 2 and δNδEi i terms. As
inferred from Tab. 5.1 by simply setting X ∼ 1, Z ∼ f /MPl and Λ42 = f Λ3 ,
the coefficients of these terms are of order
m42 ∼ f 2 H02 ,

m̂31 ∼ f 2 H0 .

(9.14)

Alternatively, this can be inferred also from Eq. (E.5), related to the generalized theory of Sec. 9.3, where the particular choice F2 = 1 corresponds
exactly to the present case.
We can now estimate the scalar power spectrum and the size of the tensor
modes. In doing so, we use the definition (2.23)-(2.24), where the normalization factor N is given by the computation (3.39) and is estimated to be
2 , because of the result (9.14). Moreover, from Eq. (3.40) one finds
N ∼ MPl
2
cs ∼ f /MPl . On the other hand, the tensor spectrum is given by the uni2 . Using Eqs. (9.13), one finds the following
versal formula ∆2T ∼ H 2 /MPl
expressions for the dimensionless power spectra
∆2ζ ∼

f 1/2 H02
5/2
MPl

,

∆2T ∼

f 2 H02
,
4
MPl

r=

∆2T
∼
∆2ζ



f
MPl

3/2
.

(9.15)

Moreover, one can see from the above expression that the tensor-to-scalar
ratio can easily be made large enough to be detectable if f is sufficiently
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Figure 9.3: The diagram, responsible for the dominant quantum correction to the
background solution in a WBG theory of inflation.

close to MPl – all within the regime of validity of the underlying effective
field theory.
The amount of non-Gaussianity in these kinds of inflationary evolutions
has already been estimated in Part II and summarized in Tab. 8.1, therefore
we do not insist on this further.
However, we recall that, belonging to the WBG class, at the quantum level
the theory (9.10) can only generate effective vertices of the form in Fig. 9.3,
where each pair of fields (∂π )2 is suppressed by at least one factor of f .
In other words, the loop-generated self-interactions of the scalar field, estimated as in Chap. 4, in the current notations are

Lloop =

(∂π )2n
,
f n Λ3k

k = n−

4
.
3

(9.16)

Evaluating Lloop on the classical de Sitter background gives

Lloop = f 4/3 H08/3  ρdS ,

(9.17)

independently of n and where ρdS ≡ f 2 H02 . As we already know, this means
that quantum corrections of the form (∂π )2n do not modify the background
obtained from the Lagrangian (9.10), establishing a criterion of consistency
of the theory at quantum level.
Finally, recall that the π ∝ t solution describes a perfect de Sitter space,
leading to exactly scale-invariant perturbations; adding a small potential (or
deforming the form of the action otherwise), both the scalar and the tensor
modes can be produced with slightly tilted spectra – just as they are in
the canonical inflationary case. In addition, to complete the picture one of
course has to specify a mechanism for exiting the de Sitter phase. There are
known ways of achieving this, and we refer the interested reader to works
dealing with similar issues in various contexts [36, 37, 123, 130].
9.2.3

An explicit example

As a simple example of a theory with the above-described asymptotic features, one can consider the deformed Galilean Genesis Lagrangian


Z
p
1 2
e2π
f3
f3
4
2
2
2
4
S = d x −g
M R+ f
(∂π ) + 3 (∂π ) π +
(∂π )
2 Pl
1 + β e2π
Λ
2Λ3
(9.18)
with β an arbitrary constant. For β = 0 the theory is just the conformal
Galileon: the Universe starts growing in the GG phase, then the expansion
rate diverges and the background exits the regime of validity of the EFT at

9.3 generalized galileons

some finite time (see the red curve in Fig. 9.1) – the scalar profile growing
as eπ ∼ 1/t throughout. For a non-zero β on the other hand, the dynamics of the system is completely altered as soon as β e2π becomes of order,
or greater than one: the theory becomes effectively described by a WBG Lagrangian with a cubic Galileon self-interaction, resulting in transition into an
inflationary de Sitter phase. The corresponding solutions are studied in App.
E.2, where the existence of Extended Genesis cosmologies is illustrated via
numerical analysis: the system clearly exhibits transition from genesis into
a quasi-de Sitter regime precisely around the time t0 given in (9.2), see Fig.
E.1. Perhaps the only downside of this simple model is the short temporal
region with gradient instability at intermediate times: while completely free
from ghosts, the squared speed of sound of the scalar perturbation on the
given background becomes slightly negative around t ∼ t0 for a period of
roughly a Hubble time, as shown in Fig. E.1. However, while being certainly
a problem in the classical theory, we argue in Sec. 9.5 (see also App. E.2)
that higher-order effects in the effective theory for perturbations can easily
take care of this issue, rendering the entire cosmological evolution free from
instabilities.
We refer the reader to App. E.2 for a detailed discussion of the numerical
solutions to the illustrative model (9.18), and turn to a systematic construction of theories leading to early Universe cosmology with the genesis – de
Sitter transition in the next section.
9.3

generalized galileons

In the present and the next section we will take on the task of obtaining
(analytic) cosmological solutions exhibiting Extended Genesis. Rather than
constructing solutions to a particular theory obeying the asymptotic scale
and shift symmetries described in Sec. 9.2, we will employ the trick used
in Ref. [133], where the appropriate theory itself is inversely engineered,
being based on a postulated ansatz for the desired cosmological solution.
The asymptotic symmetries, as we will see, then follow automatically from
the construction that we describe in what follows.
Consider the following (generally dilatation-breaking) deformation of the
GG Lagrangian

f3
f3
2
4
Sπ = d x − g f F1 (π )(∂π ) + 3 (∂π ) π +
F2 (π )(∂π )
Λ
2Λ3
(9.19)
where F1,2 are a priori arbitrary dimensionless functions of the Galileon field
π. We will interchangeably use the two scales Λ and H0 – as defined in (9.8)
– throughout. The dynamics of the system is governed by the Einstein equations plus the scalar equation of motion. However, these are not independent: as a consequence of diffeomorphism invariance, the scalar equation
can be traded for the conservation of its stress-energy tensor via
Z

4

p



2

2

µ

∇µ T ν = −

δS
∂ν π .
δπ

(9.20)

On homogeneous FRW backgrounds, it is the energy conservation, ρ̇ + 3H (ρ +
p) = 0, that yields the π equation of motion. On the other hand, energy
conservation follows from the temporal and space components of the Einstein equations. Therefore we can choose the latter two to make up a com-

93

94

inflation from minkowski space

plete system determining the background evolution. The stress-energy tensor, sourced by π in (9.19) is
π
Tµν
= − f 2 F1 (π )[2∂µ π∂ν π − gµν (∂π )2 ]

−

f3
[2∂µ π∂ν π π − ∂µ π∂ν (∂π )2 − ∂ν π∂µ (∂π )2 + gµν ∂λ π∂λ (∂π )2 ]
Λ3
f3
−
F2 (π ) [4(∂π )2 ∂µ π∂ν π − gµν (∂π )4 ] , (9.21)
2Λ3

leading to the following expressions for the energy density and pressure
due to a homogeneous π-profile

f 2 2
π̇ F2 (π )π̇ 2 + 4H π̇ − H02 F1 (π ) ,
2
H0


f2
2
2
2
p=
π̇
F
(
π
)
π̇
−
4
π̈
−
3H
F
(
π
)
.
2
0 1
3H02
ρ=

(9.22)
(9.23)

The two functions F1,2 (π ) can be solved with the help of the temporal
2 H 2 = ρ and M2 (3H 2 +
and spatial components of Einstein equations, 3MPl
Pl
2 Ḣ ) = − p, which yield

F1 =
F2 =

2 H 2 H 2 + 3M2 H 2 Ḣ − 2 f 2 H π̇ 3 − 2 f 2 π̇ 2 π̈
6MPl
0
Pl 0

,

(9.24)

2 H 2 H 2 + 3M2 H 2 Ḣ − 6 f 2 H π̇ 3 − 2 f 2 π̇ 2 π̈
9MPl
0
Pl 0
.
f 2 π̇ 4

(9.25)

f 2 H02 π̇ 2

Now, for any postulated homogeneous profile of the scalar and the Hubble rate, one can find the theory (i.e. find F1,2 (π )) such that the desired
background solves its equations of motion. The recipe for constructing the
relevant solutions is given as follows:
• Postulate background profiles π0 (t) and H (t);
• For the chosen background solutions, find the time-dependent functions F1,2 (t) with the help of (9.24) and (9.25);
• Invert the expression for π0 (t) to find t = t(π0 );
• Using the previous steps, find F1,2 as functions of π0 :

F1,2 = F1,2 (t(π0 )).
One can formally construct theories admitting arbitrary cosmological profiles for π and H. Although such an ad hoc construction might look uncomfortable, we will see that at least for the solutions we will be interested in,
it will lead to theories that enjoy various types of asymptotic symmetry,
making them highly non-generic in the sense discussed in Sec. 9.2.
9.3.1

Perturbations

As a next step, we check now whether the cosmological solutions, obtained
through the above procedure, are stable. This can be done with the help of
the analysis spelled out in App. E.1. In the unitary gauge, π ( x, t) = π0 (t),
the only scalar degree of freedom present in the theory is captured by the
standard massless curvature perturbation of equal-density hypersurfaces ζ,
defined by (3.18).

9.4 extended genesis: analytic solutions

Having the background quantities at hand, one can readily derive the
quadratic ζ action following the standard procedure of [20], that we have
described in Sec. 3.4:


Z
1  ~ 2
1  ~ 2 2
(2)
4
3
2
Sζ = d x a A(t) ζ̇ − B(t) 2 ∇ζ − C (t) 4 ∇ ζ
. (9.26)
a
a
For our action (9.19), the kinetic coefficients A and B are readable in Eqs.
(3.39)-(3.40). In the notations of App. D they are
A(t) =
B(t) =

2 (−4M4 Ḣ − 12M2 H m̂3 + 3m̂6 + 2M2 m4 )
MPl
1
1
Pl 2
Pl
Pl
2 H − m̂3 )2
(2MPl
1
2 −4M4 Ḣ + 2M2 H m̂3 − m̂6 + 2M2 ∂ m̂3
MPl
1
1
Pl
Pl
Pl t 1
2 H − m̂3 )2
(2MPl
1

,

(9.27)

,

(9.28)



while C (t) ≡ 0. It will be non-zero once we include higher-order terms in
the effective theory in Sec. 9.5. Explicit expressions for the time-dependent
coefficients m̂31 and m42 are given in Eq. (E.5). Apart from other background
quantities, these explicitly depend on the function F2 (π0 ). Using the expression (9.25) for the latter, one finds
2
4
4
2 2 2
A = 3MPl
(36MPl
H04 H 2 + 9MPl
H04 Ḣ − 18MPl
f H0 H π̇ 3
2 2 2 2
2
− 6MPl
f H0 π̇ π̈ + 4 f 4 π̇ 6 )(3MPl
H02 H − 2 f 2 π̇ 3 )−2 ,

B=

(9.29)

6 H 4 Ḣ + 6M4 f 2 H 2 H π̇ 3 + 18M4 f 2 H 2 π̇ 2 π̈ − 4M2 f 4 π̇ 6
−9MPl
0
0
0
Pl
Pl
Pl
, (9.30)
2 H 2 H − 2 f 2 π̇ 3 )2
(3MPl
0

while the speed of sound for short wavelength scalar perturbations is given
by c2s = A/B. Positive A and B throughout the entire course of cosmological
evolution guarantee the absence of ghost and gradient instabilities respectively.
As a quick check, one can apply the above piece of formalism to Galilean
Genesis [4]. Plugging the scalar and Hubble profiles, Eqs. (9.8) and (9.9),
into the expressions for the kinetic coefficients (9.29)-(9.30) of the curvature
perturbation, one obtains the following values at the leading order in MPl :
A(t) = B(t) =

4 H2
9MPl
0 2
t .
f2

(9.31)

This precisely agrees with the expressions found in [4].
9.4

extended genesis: analytic solutions

While the recipe spelled out in the previous section formally allows to construct theories admitting essentially arbitrary cosmological solutions, most
of these fail to be physically meaningful in one way or another. Such a
generic solution will lead to either ghost or gradient instability at the level
of small perturbations. Moreover, most of the resulting theories will be free
from symmetries – even the asymptotic ones, casting shadow on quantum
robustness of the whole picture. Nevertheless, we will show in this section
that a class of theories, which admit completely stable cosmological solutions interpolating between a low/zero curvature maximally symmetric
space-time in the far past and a larger curvature inflationary de Sitter spacetime in the future with a strong/moderate violation of the null energy condition in between, exists. Importantly, we will see that asymptotically these
theories enjoy symmetries of the kind described in Sec. 9.2.

95

96

inflation from minkowski space

Let us work in a coordinate system such that time runs from t = −∞
towards t = 0 over the cosmological phase of interest. At (or shortly after)
t = 0, the system is assumed to reheat, or exit the given phase otherwise.
Inspired by the early-time Galilean Genesis asymptotic regime (9.8) and
(9.9), we will adopt the following ansatz for the Hubble rate
H = λ+β

f2
π̇03 ,
2 H2
MPl
0

(9.32)

where λ and β are free parameters (of mass dimension one and zero respectively) of the theory, giving rise to the solution of interest. For the scalar, we
will assume an ansatz of the following form
eπ0 =

1
1
,
H0 t∗ − t

(9.33)

motivated again by the genesis solution Here, t∗ is yet another free parameter with inverse mass dimension. While resembling GG at early times (and
for sufficiently small λ), Eqs. (9.32) and (9.33) describe a cosmology regularized towards t → 0− , so that none of the invariants in the theory grow
unbounded over the entire interval t ∈ (−∞, 0]. Galilean Genesis is recovered at all times for the particular values of the parameters λ = 0, β = 1/3
and t∗ = 0; for λ 6= 0 on the other hand, there is a crucial difference: rather
than the flat, Minkowski space-time, the system starts out evolving from de
Sitter space with curvature set by the parameter λ.
In order for the Universe to be described by an inflationary de Sitter geometry at t → 0− , the parameters of the theory should satisfy certain constraints. One of such constraints arises from requiring the Hubble rate not
to vary considerably over a single e-fold at |t|  t∗ . The necessary condition
for that is:
 2 2
f2

0 2
 MPl H
t∗ ,
if λ  β M2 H 2 t13
Ḣ
βf2
∗
Pl 0
1ε≡ 2
∼
(9.34)
2
2
β
f
f
H t →0 
1
1
 2 2 2 4 , if λ  β 2 2 3 .
λ M H t
M H t
Pl

0

∗

Pl

0

∗

Not surprisingly, this condition is equivalent to the one constraining π̇ to be
quasi-constant at late times:
1 d
ln π̇0  1 .
(9.35)
H dt
This shows that π can indeed be approximated by a linear profile towards
t → 0− , leading to the late-time inflation discussed in Sec. 9.2.
In the rest of the section we will study various interesting regions in the
six-dimensional space spanned by the free parameters ( MPl , f , H0 , λ, β, t∗ )
of the theory.
9.4.1

λ=0

We begin with the case that, in the asymptotic past, the system starts out
evolving from flat space-time. This happens for λ = 0. As a quick consistency check, one can derive the conformally invariant GG Lagrangian (9.7)
from our ansatz for the Extended Genesis cosmology, following the inverse
construction of the previous section. Indeed, plugging (9.32) and (9.33) (with
β = 1/3) into the expressions for the F -functions, (9.24) and (9.25), we find
2 (and at times | t |  t )
at the leading order in 1/MPl
∗

F1 =

1
= e2π ,
H02 t2

F2 = 1 .

(9.36)

9.4 extended genesis: analytic solutions

This precisely corresponds to the conformal Galileon. For values of β other
than 1/3, on the other hand, our ansatz describes subluminal versions of GG
[128] at |t|  t∗ .
Concentrating on the full solution, including times |t| ≤ t∗ , stability of
the system requires that the kinetic coefficients in (9.26) are positive at all
times. For λ = 0, they are given as follows
2 H − m̂3 )2 H 4
3(2MPl
0
1
2
4MPl

2 2 2 2
A = 2(4 + 15x + 18x2 ) f 4 π̇ 6 + 3(4 + 9x ) MPl
f H0 π̇ π̈ ,

(9.37)
2 H
3(2MPl

− m̂31 )2 H04
B
2
4MPl





2
H02 π̈ f 2 π̇ 2 ,
= 2x f 2 π̇ 4 − 9xMPl

(9.38)

where we have defined x = β − 2/3 for further convenience. As an immediate observation, we note that A is manifestly positive for positive x (both π̇
and π̈ are positive at all times for our ansatz), while B does not have a definite sign. For the special case that the parameter x is small however, B can
be made arbitrarily small, compared to A, implying a vanishing speed of
sound for ζ. This is similar to what happens in ghost condensation, where
the absence of gradient instability is determined by higher-order operators
in the effective theory.
It is straightforward to see that B cannot be positive over the entire temporal interval of interest – at least for our ansatz (9.32). Indeed, we are
interested in solutions that start in Galilean Genesis at t → −∞ and end up
in the inflationary phase at t → 0− . As shown in the previous section, the
latter phase requires π̇ to be practically constant, meaning that the second
term in the parentheses on the r.h.s. of (9.38) should be negligible compared
to the first one at late times. Positivity of B at late times then requires x > 0.
On the other hand, Galilean Genesis corresponds to the second term prevailing at sufficiently early times, since π̈ ∼ 1/t2 decreases parametrically
slower than π̇ 4 ∼ 1/t4 at large and negative t. For x > 0 however, this
would lead to gradient instability at early times. In contrast, in the opposite
case of x < 0, one would recover gradient instability at late times, while the
early-time genesis phase would be completely stable. One is therefore led to
conclude that gradient instability is unavoidable for the given choice of the
ansatz (9.32) in the λ = 0 case – at least at the leading order in derivative
expansion.
Concentrating on negative x (so that the genesis phase is stable), the time
at which gradient instability occurs (i.e. when B flips sign) is of order |τ | ∼
f /( MPl H0 ). The slow-roll parameter at that time can be readily estimated,
2 H 2 τ 2 / f 2 ∼ 1, see Eq. (9.34). This means that the gradient instability
ε ∼ MPl
0
for λ = 0 solutions necessarily kicks in before the onset of the de Sitter
regime, explaining the pattern we have found via numerical analysis in Sec.
9.2 (see also App. E.2).
We conclude the present subsection with a couple of consistency checks
for our calculations. First, we note that for x = −1/3, corresponding to
Galilean Genesis, one recovers an exactly luminal scalar mode, c2s = B̃/ Ã =
1 at early times. Moreover, as stressed several times above, the late-time de
Sitter phase should correspond to an enhanced shift symmetry on π. That
this is indeed the case is the result of the quasi-constancy of the F functions
1 d
ln F1,2  1 ,
H dt

(9.39)

97

98

inflation from minkowski space

which, as can be straightforwardly verified, directly follows from (the λ = 0
version of) Eq. (9.34) – the condition for the Universe to be described by de
Sitter geometry at |t|  t∗ .
9.4.2

λ 6= 0

We now turn to the case that in the asymptotic past the Universe starts out
evolving from de Sitter space, rather than Minkowski, λ 6= 0. The curvature of the initial state is of order R ∼ λ2 and is a free parameter of the
theory. If its value is strictly zero, we have seen that the resultant cosmological solution suffers from a gradient instability before the onset of de
Sitter regime for much of the parameter space, at least if one ignores higherorder operators in the effective theory. However, for non-zero λ, as we will
now demonstrate, gradient instabilities can be avoided even in the “classical” theory, that is without invoking higher-derivative terms in the EFT for
perturbations.
The kinetic coefficients (9.29) and (9.30), evaluated on the given ansatz
are:
A=

B=

2 
MPl
4
2 2 2
36MPl
H04 λ2 τ 6 + 3MPl
f H0 [−(10 + 24x )λτ + 4 + 9x ]τ 2
3
2
(9.40)
+ f 4 (8 + 30x + 36x2 ) ( f 2 x − MPl
H02 λτ 3 )−2 ,
2 M2 f 2 H 2 (−2λτ − 9x ) τ 2 + 2 f 4 x
MPl
0
Pl
,
2 H 2 λτ 3 )2
3
( f 2 x − MPl
0

(9.41)

where we have defined τ ≡ t − t∗ ≤ −t∗ . An important observation that we
will use in what follows is that for positive x, and for ε̄ ≡ λt∗ > 9x/2, both
A and B are manifestly positive (and finite) at all times, as can be readily
verified by inspecting the above expressions.
Given that a strictly vanishing λ is not allowed by stability, how small can
it be? The smallness of the initial curvature can be conveniently characterized by
!
2 H 2 t 3 −1
MPl
H ( t = 0)
1
0 ∗
= λ
∼
.
(9.42)
H (t = −∞)
εε̄
βf2
Note that, while ε  1 is required by the late-time de Sitter space, ε̄ is in
principle an unconstrained parameter of the theory.
To summarize, choosing x < 2ε̄/9, one can arrange for a manifestly stable
cosmological solution, interpolating between two de Sitter space-times with
an arbitrary ratio of the corresponding asymptotic curvatures. Moreover,
the larger is the separation between the asymptotic Hubble rates (9.42), the
smaller is the deviation of the late-time geometry from perfect de Sitter
space. The speed of sound of the curvature perturbation at t = 0 can be
readily evaluated from the above expressions for the kinetic coefficients
c2s (t = 0) =

x (2 − 9ε) + 2εε̄
.
8 + 30x + 36x2 + O(ε)

(9.43)

Note that the asymptotic c2s is finite. For ε = 0, its magnitude is bounded
from above by c2s < 0.031, which can be found by maximizing the expression
(9.43) for the squared speed of sound7 .
7 Cf. the analytic bound on the scalar speed of sound c2s < 0.031 in Galileon inflation, quoted in
[96].

9.4 extended genesis: analytic solutions

Figure 9.4: The parameter ε (left) and the speed of sound of the curvature perturbation c2s (right) as functions of time on the solution (9.32)-(9.33). The scales
f and MPl have been assumed equal, while the rest of the parameters
have been chosen to be: H0 = 1, λ = 10−3 , t∗ = 10−2 , x = 0. The two
colours correspond to ε < 10 (blue) and ε > 10 (red).

Let us for simplicity set x = 0 from now on. One distinct property of
our ansatz is that the coefficient A, having a contribution constant in time,
becomes parametrically greater than B at |t|  t0 , as B ∼ −1/t3 at large and
negative t. This means that the speed of sound of the curvature perturbation
tends to zero at early times.
What is the theory describing the asymptotic past of the background solutions at hand? To answer this question, we evaluate the F functions from
our deformed Galileon action (9.19). At the leading order in 1/t, one finds

F2 =

2 λ2
MPl

( H0 t)2
f 2 H02
M 2 λ2
9 2Pl 2 ( H0 t)4
f H0

F1 = 6

=6
=9

2 λ2
MPl

f 2 H02
2 λ2
MPl

f 2 H02

e−2π ,

(9.44)

e−4π ,

(9.45)

which imply the following form of the scalar action
early
Sπ

=

Z

4

d x

p



−g 6

2 λ2
MPl

H02

e−2π (∂π )2


2 λ2
MPl
2 f2
2
−4π
4
+
(∂π ) π + 3
e
(∂π ) .
3 H02
H04

(9.46)

In the regime of interest, eπ ∼ 1/t and the first and the third terms in
the parentheses are constant, while the second (the cubic Galileon) goes as
∼ 1/t3 and is thus completely irrelevant in the asymptotic past8 . However,
once the cubic Galileon is neglected, the theory acquires a global symmetry.
To see this, it is useful to define a new field χ = e−π , in terms of which the
two relevant operators are simply (∂χ)2 and (∂χ)4 , and the new symmetry is
immediately identified as invariance under constant shifts χ → χ + c, while
in terms of π it looks more complicated: π → − ln (e−π +c). This shows
that the early-time λ 6= 0 cosmology is effectively described by a ghost
condensate-type theory, albeit written in obscure variables (and hence with
a vanishing speed of sound). Needless to say, the emergent global symmetry
comes hand-in-hand with all the attractive properties, classical or quantum,
characteristic of ghost condensation9 (see [36, 127]).
8 The latter estimate comes from the H π̇ 3 piece, coming from the expansion of the covariant
derivative on a de Sitter background.
9 That the given solution indeed describes ghost condensation can also be seen from the fact
that χ acquires a linear profile, χ = − H0 t, just as the ghost field does on self-accelerated
backgrounds.

99

100

inflation from minkowski space

To get a more quantitative perspective on the above discussion, let us consider the solutions (9.32) and (9.33) for a specific set of available parameters.
As an immediate observation, we note that the Hubble rate does not depend on the magnitude of f and MPl separately (as far as external matter
or bare cosmological constant are not introduced into the system): physical quantities are only sensitive to the ratio of the two scales. As a result,
one can arbitrarily set the physical units for any quantity at any instant of
time. For example, the Hubble scale at time t = 0 can be freely chosen to be
H (0) = 1014 GeV in some putative system of units where H0 ≡ 1. With this
in mind, we set f = MPl , and consider the following values for the rest of
the parameters: H0 = 1, λ = 10−3 , t∗ = 10−2 , x = 0, satisfying (the first case
of) the late-time de Sitter condition, Eq. (9.34).
The time-dependence of the slow-roll parameter ε = Ḣ/H 2 (left) and
the speed of sound of the curvature perturbation c2s (right) for the above
choice of the theory parameters is shown in Fig. 9.4. From how ε depends
on time, one can distinguish three stages of evolution, according to whether
the system violates the NEC strongly (red), or weakly (blue). The Universe
starts out in de Sitter space (ε ' 0) with tiny curvature ∼ λ2 , the Hubble
rate as well as the slow-roll parameter ε gradually increasing with time.
When ε ' 10, it enters into the Galilean Genesis phase with strong violation
of the null energy condition. Peaking at ε ∼ 102 at intermediate times, NECviolation weakens down back to ε ' 10 at t ' −1.5 (signalling the beginning
of the third, Galileon inflation stage), ε decreasing to sub per-cent values
shortly afterwards (the final phase of the system corresponds to the blue
ends of the curves near t → 0 in Fig. 9.4).
While the concluding, inflationary de Sitter phase seems rather short in its
extension in time, the large magnitude (in units of H0 ) of the expansion rate
at those times allows it to accommodate a large number of e-folds. Indeed,
from t = −0.1 (ε ' 5 · 10−2 ) up to t = 0 (ε ' 5 · 10−4 ), the number of times
the scale factor doubles can be easily estimated
Ne =

Z0

Hdt ' 3300 ,

(9.47)

−0.1

showing that the de Sitter phase towards the end of the temporal interval
of interest is in fact very extended. Furthermore, the Hubble parameter at
t = 0 is H (0) ∼ 106 , implying a huge ratio of de Sitter expansion rates in
the asymptotic future and the asymptotic past
H (0)
∼ 109 .
H (−∞)

(9.48)

The right panel of Fig. 9.4 shows the evolution of the scalar speed of
sound. As remarked above, c2s starts evolving from nearly zero value at
early times, as required by ghost condensate-type cosmologies. Peaking at
c2s ' 2 · 10−3 during the genesis stage, it drops down again towards late-time
Galileon inflation.
While ghost condensation, described by a P( X )-type theory implies vanishing speed of sound of the scalar perturbation at the leading order [127],
Galileon inflation does not necessarily lead to c2s = 0 although, as discussed
before, there is an upper bound c2s ≤ 0.031 in the latter class of models with
a single cubic Galileon operator [96]. However, our solutions qualitatively
and crucially differ from “tilted” ghost condensate with NEC violation considered in [16] in the fact that the speed of sound, although small, is strictly
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positive at all times. The latter is not true for pure P( X ) theories: violation
of the null energy condition unambiguously implies gradient instabilities at
the leading order in the ghost condensate [124, 125].
At early times, the tiny speed of sound of the scalar mode suggests that
higher-order operators in the effective theory for perturbations could be
qualitatively affecting the dynamics of the system. Moreover, depending on
the nature of the UV completion, higher-derivative terms could also play a
role in the intermediate, Galilean Genesis phase. In order to estimate these
effects, we turn to explore the structure of the next-to-leading-order action
in the EFT formalism in the following section.
9.5

beyond the leading order

The tiny asymptotic scalar speed of sound found for the Extended Genesis
solutions motivates to go beyond the leading order in the EFT for perturbations to assess the role of higher-derivative operators in the stability of
the system. The generic action for metric fluctuations on a FRW background
driven by a single “clock” is given by Eq. (D.2) in App. D. In particular, we
are interested in the following operators

Z
1
4 √
2
2
(3H 2 + Ḣ )
Ḣ 2 − MPl
S = d x γN − MPl
N
(9.49)

m̄2
m4
m̄2
+ 2 (δN )2 − m̂31 δEδN − 1 δE2 − 2 δEij δEij + . . . ,
2
2
2
excluding the Einstein-Hilbert part. The “classical” theory (9.19) generates
only the first two terms in the second line of (9.49), and all the above analysis
has assumed vanishing m̄21 and m̄22 (as well as higher-derivative operators,
implied by the ellipses). In practice, the latter coefficients are expected to be
present, although suppressed in derivative expansion. We refer to App. E
for a detailed discussion.
In what follows, we assume non-zero m̄21 and m̄22 in computing the ζ
quadratic action on Extended Genesis backgrounds. The results, given in
(E.7)-(E.9) of App. E, are rather tedious and reluctant to simple analysis in
their exact form. For simplicity, we will expand all relevant quantities to
linear order in m̄21 and m̄22 , assuming these are small in the sense that higher
order terms in the expansion give subleading corrections – something we
will justify a posteriori. The procedure yields the following expressions for
the kinetic coefficients10 A, B and C on backgrounds corresponding to the
second case (λ 6= 0) of the previous section:
h
i
2
4
4 2 6
2 2 2
2
4
A=
18M
H
λ
τ
−
3M
f
H
(
5λτ
−
2
)
τ
+
4
f
0
Pl 0
Pl
2 H 4 λ2 τ 6
3MPl
0

+ p1 m̄21 + p2 m̄22 ,

(9.50)

2 f2 1
+ p3 m̄21 + p4 m̄22 + q3 ∂t m̄21 + q4 ∂t m̄22 ,
3 H02 λ τ 3

(9.51)

B=−
C=

m̄21 + m̄22
,
2λ2

(9.52)

10 The signs are defined so that all kinetic coefficients have to be positive for the complete stability
(at all wavelengths) of the corresponding background. Moreover, it is worth noticing that C
vanishes if m̄21 = −m̄22 , in accordance with what we have said in Part II. In particular, we
recall that in Chap. 8, having focused on the case of a linear dispersion relation of the form
(8.13), the analysis has been crucially based on the possibility of getting rid of the combination
δE2 − δEij δEij .
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where we have defined τ ≡ t − t∗ < 0 and introduced auxiliary coefficients
pi and qi , given as follows

p1 = −

p2 = −

4 H 4 λ2 τ 6 − 6M2 f 2 H 2 (5λτ − 2) τ 2 + 8 f 4
27MPl
0
0
Pl
8 H 8 λ4 τ 12
18MPl
0

2
,

(9.53)

1
6 2 6 3 9
8
f H0 λ τ
1107MPl
H08 λ4 τ 12 − 1980MPl
8 H 8 λ4 τ 12
18MPl
0

4 4 4
4 4 4 2 6
6 2 6 2 8
f H0 λτ 5
f H0 λ τ − 720MPl
+ 792MPl
f H0 λ τ + 1428MPl

2 6 2 2
2 6 2
4 4 4 4
f H0 τ + 64 f 8 , (9.54)
f H0 λτ 3 + 192MPl
f H0 τ − 480MPl
+ 144MPl

p3 = −

1



6 H 6 λ3 τ 9
18MPl
0

4 2 4
6
f H0 (8λ2 τ 2 − 17λτ + 8)τ 4
81MPl
H06 λ3 τ 9 − 18MPl


2 4 2
f H0 (λτ − 2)τ 2 − 16 f 6 , (9.55)
+ 84MPl

p4 = −

1



6 H 6 λ3 τ 9
18MPl
0

4 2 4
6
f H0 (26λ2 τ 2 − 51λτ + 24)τ 4
99MPl
H06 λ3 τ 9 − 6MPl


2 4 2
f H0 (λτ − 2)τ 2 − 16 f 6 , (9.56)
+ 84MPl
q3 = −
q4 = −

4 H 4 λ2 τ 6 − 6M2 f 2 H 2 (5λτ − 2) τ 2 + 8 f 4
27MPl
0
0
Pl
4 H 4 λ3 τ 6
6MPl
0
4 H 4 λ2 τ 6 − 6M2 f 2 H 2 (5λτ − 2) τ 2 + 8 f 4
33MPl
0
0
Pl
4 H 4 λ3 τ 6
6MPl
0

,

(9.57)

.

(9.58)

An immediate and important observation is that all of the coefficients pi
and qi are sign-definite (negative) at all times. Moreover, since different linear
combinations of m̄21 and m̄22 enter into B and C, nothing prevents us from
choosing the former pair of EFT coefficients such that both B and C are
positive, thus avoiding any instability over the entire cosmological period of
interest.
Furthermore, we have found in the previous section that the speed of
sound of the scalar mode goes to zero (c2s → 0+ ) in the asymptotic past
for the backgrounds corresponding to the Extended Genesis. This suggests
that t → −∞ is precisely the regime where higher-order corrections in the
EFT for perturbations could play an important role. In fact, in the case that
m̄21 and m̄22 fall off slower than 1/t3 at early times, higher-order effects give
contributions that dominate over the leading-order piece in the coefficient
B at early times11 . Focusing on the t → −∞ ghost condensate regime and
neglecting time derivatives of m̄21 and m̄22 for simplicity, we find


2
A = 12MPl
+ O m̄21 , m̄22 ,
(9.59)
!
m̄41 m̄42
2 f2 1
9 2 11 2
B=−
−
m̄
−
m̄
+
O
,
,
(9.60)
2 M2
3 H02 λ t3
2 1
2 2
MPl
Pl
!
m̄21 + m̄22
m̄41
m̄42
C=
+O
,
.
(9.61)
2 λ2 M 2 λ2
λ2
MPl
Pl
11 This seemingly casts shadow on the meaning of our expansion in small m̄21 and m̄22 ; fortunately,
a closer inspection of (E.7)-(E.9) shows that the expansion parameters at t → −∞ are in fact
2 and m̄2 /M2 , meaning that next-order corrections in the series indeed give subleading
m̄21 /MPl
2
Pl
effects.

9.6 conclusive remarks

Again, since B and C involve different linear combinations of m̄21 and m̄22 ,
one can freely choose the values for the latter two coefficients, such that the
theory is free from any instability12 .
Moreover, in the case that m̄21 and m̄22 drop off slower than 1/t3 for large
and negative times, the asymptotic speed of sound of the scalar perturbation
is set by the ratio
|9m̄21 + 11m̄22 |
c2s =
,
(9.62)
2
24MPl
and is not necessarily infinitesimally close to zero if at least one of the two
EFT coefficients m̄21 and m̄22 tends to a constant at early times13 .
To summarize, we have found that the beyond-the-leading-order structure
of the effective theory for perturbations allows to cure possible classical gradient instability, such as the one found for a subclass of the backgrounds
studied above. Moreover, it does so naturally for the λ = 0 solutions of Sec.
9.4 and the numerical example of Sec. 9.2, for which the leading-order instability is weak (i.e. c2s goes negative, but very small in magnitude). Whenever
the speed of sound of the scalar mode vanishes at the leading order, on the
other hand, higher-order effects can push the corresponding solution into a
completely stable direction.
9.6

conclusive remarks

We would like to conclude this third part emphasising again that, despite
the standard Big Bang paradigm provides us an extremely compelling picture of the early Universe, it is not the only possible one. The question of
how far alternative scenarios can go in adequately describing the observed
Universe has been a strong motivation for expanding the theory space in
non-standard directions. Perhaps the most dramatic departure from the inflationary paradigm corresponds to theories that violate the NEC, thereby
allowing for a qualitatively different evolution of the early Universe that,
among other interesting features, is capable of smoothing out the Big Bang
singularity. The fact that this can happen without instabilities for a Universe
starting out from the flat, Minkowski space-time has been shown in Refs.
[4, 16, 68].
A common feature of alternatives to inflation based on NEC violation is
the usual prediction of a strongly blue-tilted and unobservable (at least in
the CMB experiments) spectrum of tensor perturbations. The ultimate reason
for this lies in the fact that the phenomenologically interesting phase of
cosmological evolution happens on quasi-flat backgrounds. Would then a
detection of primordial B modes in CMB polarization conclusively rule out
these theories?
In this part, we have argued that the answer to this question is negative.
We have constructed explicit theories that lead to an early Universe cosmology interpolating between a small/zero curvature maximally symmetric (de
Sitter or Minkowski) space-time in the far past and an inflationary de Sitter space-time, capable of generating a scale-invariant tensor spectrum of
significant amplitude, in the asymptotic future. This is possible because, at
intermediate times, the system can strongly violate the NEC ( Ḣ  H 2 ) as it
happens in genesis models, all without developing any kind of instability.
12 Note that there is in fact even more freedom: one could always make the coefficient C positive
√
by adding a term of the form N γ (3)R2 to (9.49); see the discussion in App. E.
13 Note, that the squared speed of sound also sets the magnitude for the expansion parameter in
(9.59)-(9.61).

103

104

inflation from minkowski space

The corresponding backgrounds can be viewed as a regularized extension
of Galilean Genesis: now, none of the physical quantities grows beyond the
cutoff scale. Alternatively, one can view them as a certain early-time complete realization of inflation, that leads to a (almost) flat pre-inflationary
Universe.
In the game, symmetries are the key ingredients. Being deformations of
the conformal Galileon, the theories constructed above enjoy non-linearly realized emergent symmetries at both the early- and the late-time asymptotic
stages. Indeed, it is precisely the nature of these regimes that determines
the qualitative picture of the cosmological solutions of interest: these are
described by quantum-mechanically stable, robust theories based solely on
symmetry principles.
In particular, the analysis of Part II has served as an input for the construction of the late-time stage: fitting into a class of more general theories with
an underlying weakly broken symmetry, the Galileon inflationary phase enjoys important non-renormalization properties, guaranteeing the quantum
consistency of the classical solution.

Part IV
APPENDICES

A
A D M F O R M U L AT I O N O F G E N E R A L R E L AT I V I T Y

This appendix is devoted to the introduction of notations and variables of
the ADM formalism [138], which turns out to be the most convenient approach for what we discuss in the main text of the work.
The starting point is the introduction of a foliation of a space-time manifold M in terms of space-like three-dimensional sub-manifolds. Namely,
we consider a generic hypersurface Σ(t), defined by the condition t( x µ ) =
constant and parametrized by the values of the “time” t. The orthogonal
direction on each hypersuface is identified by the unit normal
nµ ≡ √

∂µ t

−∂α t∂α t

,

(A.1)

satisfying nµ nµ = −1.
If yi denotes some spatial coordinates lying on each Σ, a suitable fourdimensional coordinate system (t, yi ) can be introduced. By definition, the
µ
µ
projector ei ≡ ∂x µ /∂yi satisfies the condition nµ ei = 0. Decomposing the
vector tµ ≡ ∂x µ /∂t in terms of normal and tangent components as tµ =
µ
Nnµ + N i ei for some values N and N i , called lapse and shift respectively,
from the coordinate transformation x µ = x µ (t, yi ) the following relation
holds
µ
µ
dx µ = tµ dt + ei dyi = ( Ndt)nµ + (dyi + N i dt)ei .
(A.2)
The space-time metric is obtained as
ds2 = gµν dx µ dx ν = − N 2 dt2 + γij (dyi + N i dt)(dy j + N j dt) ,

(A.3)

where γij is the 3-metric induced on Σ(t) which can be uniquely determined
by using the two conditions
µ

γµν nµ = 0 ,

µ

γµν ei = gµν ei ,

(A.4)

leading to
γµν = gµν + nµ nν .

(A.5)

In the new coordinate system (t, yi ), we have ni = 0 and n0 = (− g00 )−1/2 .
Moreover the following relations hold:
g00 = N i Ni − N 2 ,
g

00

= −N

−2

g0i = Ni ,
0i

g =N

,

−2

gij = γij ,
i

ij

ij

(A.6)

g =γ −N

N ,

−2

i

j

NN .

(A.7)

Denoting with ∇µ the covariant derivative on the manifold M, the corresponding differential operator on the three-dimensional hypersurface Σ,
µ ...µ
acting on a generic tensor Tν11...νk n , can be written as
µ ...µ

β µ

µ

σ

ρ ...ρ

Dα Tν11...νk n ≡ γα γρ11 . . . γρnn γν11 . . . γνkk ∇ β Tσ11...σkn ,
σ

(A.8)
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which satisfies Dα γµν = 0.
The quantity which measures how much the surface Σ is curved in its
embedding in the manifold M is called extrinsic curvature and is defined as
Kµν ≡ Dµ nν .

(A.9)

Moreover, Kµν is symmetric and has only purely spatial components of the
form

1
Kij =
∂t γij − Di Nj − D j Ni .
(A.10)
2N
In terms of these foliated quantities, up to surface contributions, the EinsteinHilbert action for General Relativity is
SEH =

2
MPl
2

Z

i
√ h
d4 x N γ (3)R + Kµν K µν − K2 ,

(A.11)

where (3)R is the scalar curvature of the three-dimensional space and K ≡ Kµ
is the trace of the extrinsic curvature.

µ

B
T H E B I S P E C T R U M I N T H E E F T O F I N F L AT I O N

In this appendix, we show the explicit form of each contribution Si (k1 , k2 , k3 ),
entering the bispectrum (3.48) and related to the different operators in the
cubic action (3.43). The results are expressed in terms of the dimensionless
parameters (3.14)-(3.15). Introducing the sum k t ≡ k1 + k2 + k3 , the explicit
computation yields:
1. contribution from ζ̇ 3
S1 ( k 1 , k 2 , k 3 ) =
c1 = −

4
k3t k1 k2 k3

,

(B.1)

2

MPl
(α − 1)−4 α2 − α − ε + c2s (3α − γ + 1)(α2 − α − ε)
4
cs

+ c4s (α − 1)(6α2 − 3αγ + 3γ + δ − 2ε) ,

(B.2)

2. contribution from ζ ζ̇ 2

c2 = 3

k t + k1
,
k2t k31 k2 k3


(α2 − α − ε) 1 − (α − 1)2 c2s
,
( α − 1)4

S2 ( k 1 , k 2 , k 3 ) = 2

(B.3)

2
MPl
c4s

(B.4)

3. contribution from ζ (∂i ζ )2

S3 (k1 , k2 , k3 ) = (k21 − k22 − k23 ) −

∑i > j k i k j
kt
+
3
(k1 k2 k3 )
k t ( k 1 k 2 k 3 )3

c3 = −


1
+ 2
,
k t ( k 1 k 2 k 3 )2

c2
,
3

(B.5)

(B.6)

4. contribution from ζ̇∂i ζ∂i ∂−2 ζ̇
S4 ( k 1 , k 2 , k 3 ) =
c4 = −

k21 − k22 − k23
2k t k1 (k2 k3 )3


2+

k2 + k3
kt


,

2
MPl
(α2 − 5α − ε + 4)(α2 − α − ε)2
,
2( α − 1)6
c4s

(B.7)
(B.8)

5. contribution from ∂2 ζ∂i ∂−2 ζ̇∂i ∂−2 ζ̇
S5 ( k 1 , k 2 , k 3 ) =
c5 =

k21 − k22 − k23
k t k 1 ( k 2 k 3 )3


1+

k1
kt



2
MPl
(α2 − α − ε)2 (3α2 − 3α + ε)
,
4( α − 1)6
c4s

,

(B.9)
(B.10)
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6. contribution from ∂2 ζ∂i ζ∂i ∂−2 ζ̇
S6 ( k 1 , k 2 , k 3 ) =

k21 − k22 − k23
2k t k1 (k2 k3 )3



c8 = −

2k1 + k2 + k3
2k (k + k )
+ 1 22 3
kt
kt

2+


, (B.11)

2
MPl
2α(α2 − α − ε)
,
4
cs
( α − 1)4

(B.12)

7. contribution from ∂ 2 ζ ( ∂ ζ ) 2
k 2 − k 22 − k 23
S7 ( k 1 , k 2 , k 3 ) = 2 1
k t k1 (k2 k3 )3
c7 =


1+

∑i>j ki k j
k 2t

3k k k
+ 1 32 3
kt

2
M Pl
α
,
4
cs (α − 1)3


,

(B.13)
(B.14)

8. contribution from ∂ 2 ζ ζ̇ 2
S8 ( k 1 , k 2 , k 3 ) = 4
c8 =

k t + 3k 1
,
k 4t k 1 k 2 k 3

2
M Pl
4α − γ
.
2
cs (α − 1)3

(B.15)
(B.16)

C
QUANTUM CORRECTIONS IN WBG THEORIES

In this appendix, we extend the discussion of Sec. 4.3 (Part II) to show that
the vertices with three solid lines and one graviton, as well as five solid lines
and two gravitons (see Fig. 4.2) can be removed in a suitable curved-space
extension of the Galileon terms. Moreover, the presence of a potential in the
Lagrangian is taken into account.
c.1

technical analysis

We have considered the case of the cubic Galileon in the main text. One has
to work a little more to understand the case of quartic minimally coupled
Galileon. The contribution to the second vertex from the lower line of Fig. 4.2
can be extracted by picking up a factor of ∂h from the covariant derivative
acting on one of the scalars. The relevant term reads,

∇µ ∇ν φ ∼ −


1
∂µ hρν + ∂ν hρµ − ∂ρ hµν ∂ρ φ .
2

(C.1)

Here and in the rest of the present section, by “∼” we mean “equals up to
a total derivative and up to terms with fewer factors of ∂φ”, and we do not
distinguish between upper and lower indices for simplicity (everything is
contracted with the flat-space metric). Using (C.1), we find after a little bit
of algebra

− 4Lmin
∼ −4(∂φ)2 hµν ∂ρ φ ∂µ ∂ν − ηµν ∂ρ φ ,
(C.2)
4
where Lmin
denotes the Lagrangian term, obtained by minimally covari4
antizing (4.4). Inserting the latter vertex into a generic 1PI loop diagram
1/6 5/6
would induce Galileon symmetry-breaking operators at the scale MPl
Λ3 ,
parametrically exceeding Λ2 , as discussed in the main text. Fortunately, it
turns out possible to raise it by adding non-minimal couplings, capable of
eliminating the vertices with three solid lines coming from the minimally
√
coupled theory. For the quartic Galileon, the right coupling is − g(∂φ)4 R.
Indeed, expanding the Ricci scalar to the linear order in h and integrating
by parts, we obtain
p

− g(∂φ)4 R ∼ 4(∂φ)2 hµν ∂ρ φ ∂µ ∂ν − ηµν ∂ρ φ + O(h2 ) ,
(C.3)
implying that the two contributions to the possible vertex with one graviton
and three solid lines exactly cancel for our resulting generalized theory.
The way we have chosen to couple the Galileon to gravity has been dictated by our desire to raise the scale suppressing loop-generated symmetrybreaking operators. However, there is something more to it: the resulting
non-minimal theory can be recognized as that of Horndeski type, leading to
second-order equations both for the metric and the scalar. In retrospect, this
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is not surprising: the “three solid line” vertices, if present, are the only ones
that would introduce higher-order equations for the metric in the theory of
minimally coupled Galileon, as can be easily seen from e.g. Eq. (C.2). Our
non-minimal term exactly cancels this contribution. We thus observe something similar to what happens in massive gravity [76]: there, eliminating
terms that lead to higher-order equations (or, equivalently, to the BoulwareDeser ghost) automatically raises the quantum cutoff of the theory; in our
case, the cutoff (Λ3 ) remains unaltered, but a similar procedure raises the
scale of breaking for the Galileon symmetry.
The same result can be straightforwardly extended to the case of the quintic Galileon. A brute-force expansion of the minimally-coupled term, using
(C.1), yields
n
h
i
2 min
L5 ∼ (∂φ)2 ∂ρ φ ∂ρ h (φ)2 − (∂µ ∂ν φ)2
3
h
i

− 2∂ρ hµν ∂µ ∂ν φφ − ∂µ ∂α φ∂ν ∂α φ − 2∂µ hρµ (φ)2 − (∂α ∂ β φ)2
o
+ 4∂µ hρν (∂µ ∂ν φφ − ∂µ ∂α φ∂ν ∂α φ) . (C.4)
It is impossible to manipulate the last expression by partial integration or
otherwise, so as to be left with less than three factors of ∂φ. This would
lead to the last vertex with three solid lines in Fig. 4.2, and therefore higherorder equations for the metric. One can however show that this term can
be eliminated by adding a non-minimal piece with an exact coefficient corresponding to the Horndeski theory. To this end, we note that to the linear
order in the metric perturbation, the following relation holds
p

1
− g(∂φ)4 Gµν ∇µ ∇ν φ = − (∂φ)4 eµαρλ eνβσλ ∂α ∂ β hρσ ∂µ ∂ν φ + O(h2 ) , (C.5)
2

where e denotes the totally antisymmetric symbol with e1234 = 1. Expanding
the antisymmetric product and integrating by parts, we obtain
n
h
i
(∂φ)4 Gµν ∇µ ∇ν φ ∼ (∂φ)2 ∂ρ φ ∂ρ h (∂µ ∂ν φ)2 − (φ)2

+ 2∂ρ hµν ∂µ ∂ν φφ − ∂µ ∂α φ∂ν ∂α φ

o

.

(C.6)

This exactly cancels the first line of the minimal term contribution (C.4).
Partially integrating the second line of (C.4) on the other hand gives


− 2(∂φ)2 ∂ρ φ∂ν hρµ ∂µ ∂α φ∂ν ∂α φ − ∂µ ∂ν φφ + ∂µ φ∂ν φ − ∂µ ∂ν ∂α φ∂α φ .
(C.7)
One can now check that whatever stands to the right of (∂φ)2 ∂ρ φ in the last
expression is a total derivative (∂ν of a local operator). This means that one
final partial integration can get rid of one solid line in the corresponding
vertex, reducing the number of solid lines to two. This proves our statement
regarding the elimination of vertices with one graviton and more than two
solid lines.
One last statement we wish to prove regards the absence of vertices with
two gravitons and more than four solid lines. The only possible obstruction
comes from the non-minimal coupling obtained above, (∂φ)4 Gµν ∇µ ∇ν φ, in
which we take the Einstein tensor linear in the metric perturbation, and
pick up another factor of h from the covariant derivative1 . One can show,
1 A vertex with more than four solid lines coming from the minimally coupled quintic Galileon
would involve at least three gravitons.
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however, that the corresponding term can always be put into the form in
which there are no more than four scalars with a single derivative acting on
them. Indeed, using the expression for Gµν in terms of the antisymmetric
symbol, we have

(∂φ)4 Gµν ∇µ ∇ν φ ∼

1
(∂φ)4 eµαρλ eνβσλ ∂α ∂ β hρσ (2∂µ hγν − ∂γ hµν )∂γ φ . (C.8)
4

This form makes it straightforward to convince oneself that the factors involving two gravitons in the above expression collect into either a total
derivative or a total derivative up to corrections involving at most four factors of ∂φ:

eµαρλ eνβσλ ∂α ∂ β hρσ ∂µ hγν = ∂µ eµαρλ eνβσλ ∂α ∂ β hρσ hγν

1
(∂φ)4 ∂γ φ eµαρλ eνβσλ ∂α ∂ β hρσ ∂γ hµν ∼ (∂φ)4 ∂γ φ ∂γ eµαρλ eνβσλ ∂α ∂ β hρσ hµν .
2
(C.9)
At this point, all that remains is to do a single partial integration to complete
the proof of the statement, made in the beginning of the present section.
c.2

quantum corrections in presence of the inflaton potential

The previous analysis has provided the notion of WBG invariance relying on
the absence of any potential in the theory. However, the study of slow-roll,
potentially dominated models of inflation requires to understand whether
the results get spoiled by the introduction of such a potential V (φ) in the
Lagrangian. This might appear dangerous regarding the quantum stability,
essentially because super-Planckian excursions of the scalar field, well beyond the cutoff of the theory, Λ3 , are expected in a slow-roll evolution.
The aim of this section is to show that the previous results are still valid
in the presence of a potential V (φ), which is therefore compatible with the
notion of WBG invariance.
Previously we have proved that 1PI diagrams that arise from anywhere
except V (φ) in (5.1) do not renormalize the action up to corrections at least
of order Λ3 /MPl . We now consider the insertions from the potential: it is
straightforward to realize that this remains true. A generic Lagrangian term,
proportional to V (φ), is of the following schematic form
V (φ)

hnc
n ,
MPl

(C.10)

where hc stands for the canonically normalized metric perturbation and n
is an integer. On can easily get convinced that any loop correction to the
Lagrangian terms (C.10), as shown in Fig. C.1, is suppressed by a tiny factor. Given that during inflation φ  MPl , possible dangerous contributions
could arise when the largest number of φ is allocated to external legs. The
presence of internal graviton lines in the loop yields suppressions with pow−1
ers of MPl
, providing quantum corrections to V (φ) that are proportional
to the ratio (Λ3 /MPl )n . Moreover, one can consider the case in which the
scalar field is employed as internal line. For instance, assuming V (φ) ∼ φm
for some integer m, the employment of one graviton and one φ in the loop
provides the vertex with an effective coefficient of order


√
V 0 Λ23
Λ3 2
∼
∼ ε
,
(C.11)
V MPl
MPl
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Figure C.1: A 1PI loop diagram that contributes to the quantum corrections for the
potential V (φ) ∼ φm .

which is even more suppressed, as expected. Involving more scalar fields in
the loop induces higher derivatives of the potential.
One can similarly consider all the other possible loop corrections to the
potential, generated by the interacting terms in the action (5.1), and realize
that the presence of V (φ) does not spoil the quantum properties of the
theories under consideration.

D
N O TAT I O N S F O R T H E E F F E C T I V E F I E L D T H E O R Y O F
I N F L AT I O N

This brief appendix is devoted to some comments on notations in the EFT
of inflation, in order to avoid ambiguities. Instead of the extrinsic curvature
Kµν defined as in Eq. (A.10), it will be useful to write the effective action for
inflation in terms of
Eij ≡ NKij =


1
∂t γij − Di Nj − D j Ni .
2

(D.1)

In analogy with Eq. (3.9), we will write the action as
!

Z
2 Ḣ
Eµν Eµν − E2
MPl
√ 1 2 (3)
2
4
R+
−
− MPl
(3H 2 + Ḣ )
S = d x N γ MPl
2
N2
N2
1
+ m2 (t)4 δN 2 + m3 (t)4 δN 3 + . . .
2
− m̂1 (t)3 δNδE + m̂2 (t)3 δN 2 δE + . . .

1
1
− m̄1 (t)2 δE2 − m̄2 (t)2 δEµ ν δEν µ + m̄3 (t)2 (3)RδN + . . . ,
2
2
(D.2)
where the relations between the effective coefficients can be trivially found
to be


m42 = M24 + 6H M̂13 − 3H 2 3 M̄12 + M̄22 ,
(D.3)


m43 = M34 − 3H M̂13 + M̂23 ,
(D.4)


m̂31 = M̂13 − H 3 M̄12 + M̄22 ,
(D.5)
m̂32 = M̂13 + M̂23 ,
m̄21

=

M̄12 ,

m̄22

(D.6)

=

M̄22 ,

m̄23

=

M̄32 ,

(D.7)

neglecting the contributions from higher order operators.
The constraint equations (3.35)-(3.36) become
M2P
2





2
1  ij
2
2
R − 2 E Eij − E + 2 Ḣ − 2(3H + Ḣ )
N
N

(3)

+ m42 δN − m̂31 δE + m̄23 (3)R = 0 (D.8)
and
"
ˆi
∇

#
M2P i
( Ej − Eδji ) − m̂31 δji δN − m̄21 δji δE − m̄22 δEij = 0 ,
N

(D.9)

respectively.
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e.1

the eft for cosmological perturbations

In this appendix we summarize some of the technical details on computing
the two point function of adiabatic perturbations on NEC-violating cosmological backgrounds. We closely follow the discussion of [4, 16], generalizing
the relevant expressions found in those references whenever appropriate.
Furthermore, we present some numerical results and discuss the effect of
higher order contributions.
e.1.1

Galileons in ADM variables

It will prove convenient to work in the (3 + 1) form of our generalized
Galileon action (9.19), with the metric
ds2 = − N 2 dt2 + gij ( N i dt + dxi )( N j dt + dx j )

(E.1)

in ADM variables. The necessary expressions have been derived in [4], and
we just summarize their results, with a minimal amount of adjustment
relevant to our case. In the unitary gauge defined by the absence of πperturbations, π ( x, t) = π0 (t), the full action (9.19) can be written in terms
of these variables in the following way (see [4] for derivation in the case of
Galilean Genesis, F1 = e2π0 and F2 = 1)
S = S g + Sπ ,

(E.2)

2 Z
MPl

i
√ h
d4 x N γ (3)R + (K ij Kij − K2 ) ,
(E.3)
2
"
#
Z
4π̇03 1 i
π̇ 2
π̇04 1
√
K
+
F
.
Sπ = f 2 d4 x N γ −F1 (π0 ) 02 +
π
(
)
2
0
i
N
9H02 N 3
3H02 N 4
Sg =

(E.4)
e.1.2

Effective field theory

To study the scalar spectrum of (E.2), one can readily employ the standard
EFT of inflation formalism (see Chap. 3 and App. D). The generic action
for matter perturbations can then be written as in (D.2). The first line gives
the only terms that start linearly in metric perturbations, therefore their
coefficients are completely fixed by the background equations. On the other
hand, the coefficients of the other operators are a priori unconstrained. While
only two are generated at the “classical” level by the action (9.19),
m42 =


4 f2 
4
2
3
2
F
π
π̇
+
π̇
π̈
+
9H
π̇
(
)
2
0
0
0
0
0 ,
3 H02

m̂31 =

4 f2 3
π̇ ,
3 H02 0

(E.5)
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the rest of the operators are expected to be present (m̄i 6= 0), although suppressed by whatever the quantum expansion parameter of the theory is.
e.1.3

Effects of higher (spatial) derivative operators

The case m̄i = 0 has been already discussed in Chap. 3. The solutions of the
Hamiltonian constraints, leading to the result (9.26) once plugged back into
the action with the coefficients (9.27)-(9.28) and C = 0, can be directly read
in (3.37)-(3.38) with the help of the relations (D.3)-(D.7). Such expressions
have been used in Sec. 9.4 and E.2 in testing for stability of solutions with
the genesis - de Sitter transition.
In order to assess the role of higher-order operators, we generalize the
calculation of Sec. 3.4 (in the notations of App. D) to the case of non-zero
m̄1 and m̄2 , still keeping m̄3 = 0. Linearising and solving (D.8) and (D.9),
and substituting back into (D.2) yields the following quadratic action for
the curvature perturbation


Z
1  ~ 2
1  ~ 2 2
Sζ = d4 x a3 A(t)ζ̇ 2 − B(t) 2 ∇
ζ
,
(E.6)
ζ − C (t) 4 ∇
a
a
with the kinetic coefficients
2
A = ( MPl
− m̄22 ) · X
1
2
B = − MPl
− ∂t Y ,
a
4 ( m̄2 + m̄2 )
2MPl
2
1
C=
,
Z

(E.7)
(E.8)
(E.9)

where the three auxiliary functions X, Y and Z have been defined as follows
2
2
2
Ḣ ) − 6MPl
H 2 (3m̄21 + m̄22 )
X = [(2MPl
+ 3m̄21 + m̄22 )(m42 − 2MPl
2
2
2
+ 3m̂31 (m̂31 − 4MPl
H )][2MPl
H 2 (2MPl
− 3m̄21 − 3m̄22 )
2
2
+ (m̄21 + m̄22 )(m42 − 2MPl
Ḣ ) + m̂31 (m̂31 − 4MPl
H )]−1 , (E.10)

2
2
2
2
2
Y = a[2MPl
( MPl
− m̄22 )(m̂31 − 2MPl
H )][2MPl
H 2 (2MPl
− 3m̄21 − 3m̄22 )
2
2
H )]−1 , (E.11)
+ (m̄21 + m̄22 )(m42 − 2MPl
Ḣ ) + m̂31 (m̂31 − 4MPl

2
2
H 2 (2MPl
− 3m̄21 − 3m̄22 )
Z = 2MPl
2
2
+ (m̄21 + m̄22 )(m42 − 2MPl
Ḣ ) + m̂31 (m̂31 − 4MPl
H ) . (E.12)

e.2

extended genesis: numerical study

In this section we study an explicit illustrative model possessing cosmological solutions with the genesis - de Sitter transition. In principle, any theory
described by S1,2 of Sec. 9.2 for eπ  1 and eπ  1 is expected to reproduce the Extended Genesis cosmologies. Perhaps the simplest example is
provided by (9.18). For β = 0 the theory is just the conformal Galileon and
when starting out in the GG phase, the expansion rate of the Universe diverges and the background exits the regime of validity of the EFT at some
finite time, the scalar profile gradually growing as eπ ∼ 1/t. For a non-zero
β however, the dynamics of the system is completely altered as soon as β e2π

E.2 extended genesis: numerical study

Figure E.1: Numerical solutions to the theory (9.18), exhibiting the genesis - de Sitter
transition. The time evolutions of π̇0 , ε = Ḣ/H 2 , H and the squared
speed of sound c2s of the curvature perturbation ζ (for early enough times
not displayed in the plots, c2s goes asymptotically to 1 as required by
Galilean Genesis [4]) are shown.

becomes of order, or greater than, unity: the theory becomes effectively described by a P( X )-type Lagrangian with a cubic Galileon self-interaction,
resulting, as we will show shortly, in transition into an inflationary de Sitter
phase.
Fig. E.1 illustrates a typical solution from our numerical study, obtained
by integrating expressions for Ḣ and π̈ with the initial conditions, relevant
for Galilean Genesis. We have assumed β = 0.001 and MPl = f = 106 H0 , setting H0 (related to Λ as in (9.8)) as the unit mass scale. The (time dependent)
background quantities π̇0 , ε = Ḣ/H 2 , H and the squared speed of sound
c2s of the curvature perturbation ζ are shown. For early enough times, not
displayed in the plots, c2s goes asymptotically to 1, due to the emergent conformal symmetry. The graphs for the Hubble rate and the time derivative of
π0 clearly show the genesis - de Sitter transition, the scalar field acquiring a
linear π ∝ t profile at late times.
The main steps of the explicit computation of the quadratic ζ action for
the theory (9.18) have been retraced in the previous section. While complete stability and (sub-) luminality of the given backgrounds can be readily
checked analytically in both asymptotic regimes, the short transition region
between the two phases displays gradient instability, at least for the values
of the parameters that we have been able to cover in numerical studies (we
have checked explicitly that for all considered solutions, the flip of sign of
the c2s quantity stems from the gradient energy becoming negative, not the
kinetic one, that would lead to a more severe ghost instability). For all solutions displaying the genesis - de Sitter transition, the squared speed of
sound varies from unity at early times (as required by Galilean Genesis [4])
to a small value c2s . 0.03 in the asymptotic future1 , via a slight dip below
zero in between that lasts from a few Hubble times to a fraction thereof,
depending on a solution. In principle, gradient instability has a characteris1 It can be shown analytically [96] that for the most general Galileon theory of the form (9.10),
the speed of sound for the scalar perturbation on a de Sitter background is bounded from
above, c2s ≤ 0.031, precisely what we are finding numerically for the Extended Genesis future
asymptotic stage.
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tic time scale of order at least the quantum cutoff of the theory, therefore a
background with this feature can not be considered fully legitimate.
We present theories admitting fully stable cosmologies with the genesis
- de Sitter transition in Sec. 9.4, but note that even for the present simple
theory the small (order per-cent) negative squared speed of sound corresponding to the gradient instability of Fig. E.1 suggests that it can be naturally cured by incorporating higher-order corrections in the effective theory
for perturbations. While we carry out a systematic study of higher-order
effects in Sec. 9.5 (see also Sec. E.1), we give a quick argument here. The
interplay between higher (spatial) derivative operators, contributing ∼ k4 to
the IR dispersion relation for the scalar perturbation, and the presence of
the cosmological horizon can stabilize the system against potential gradient
instability (see e.g. Ref. [16]). This can be seen as follows. At the level of
four derivatives, one can add to the effective theory for perturbations on
our background solution of Fig. E.1 the following term2
∆S ∼

Z

d4 x

p

− g κ (t) (3)R2 ,

(E.13)

where (3)R is the scalar curvature of the three-dimensional metric, induced
on equal time hypersurfaces and κ is an arbitrary dimensionless time dependent coupling. This term adds a higher-spatial derivative contribution
to the (unitary gauge) quadratic action for the curvature perturbation
∆Sζ ∼ −

Z

d4 x

κ ~2 2
(∇ ζ ) .
a

(E.14)

Since κ is an arbitrary function, it can always be chosen in such a way to render the instability scale for the background solution of Fig. E.1 smaller than
the relevant instantaneous Hubble rate. Indeed, at frequencies larger than
Hubble, the canonically-normalized curvature perturbation is described by
the following action
#
"
Z
2
~
~ 2 ζ c )2
κ (∇
4
3
2
2 (∇ζ c )
,
(E.15)
Sζ = d x a ζ̇ c − cs
−
A
a2
a4
where c2s is negative in the region with gradient instability. At large enough
(physical) momenta, k2 & |c2s | A/κ, the system is stabilized by higher-order
effects. Requiring the corresponding frequency to be less than the instantaneous Hubble rate then yields the condition on κ for a completely stable
background solution,
c s ( t )4 A ( t )
κ (t) &
.
(E.16)
H ( t )2
Note the strong dependence (∝ c4s ) on the scalar speed of sound of the lower
bound on the coefficient κ. In particular, for small c2s , one can expect higherorder effects to easily cure the leading-order gradient instability.

2 There are other and more relevant terms beyond the leading order in the EFT (see Sec. 9.5 for a
systematic study). However, for the illustrative purposes we are after, we neglect them here.
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