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Plan of the lectures

Introduction

Networks: basic definitions
Models

Community Detection



Graph theory: basics

Graph G=(V,E)
* \V=set of nodes/vertices I=1,...,N
* E=set of links/edges (i,))

i J Bidirectional
- . 4.
Undirected edge: o communication/
Interaction

Directed edge: —j



Graph theory: basics

Maximum number of edges
* Undirected: N(N-1)/2
* Directed: N(N-1)

Complete graph:

(all to all interaction/communication)



Adjacency matrix

N nodes i=1,..., N

a,= {1if i) E
0if (i,j) & E

1 2

W N Rk O
P B P O O
R R O B
R, O K B
O R K KB W




Adjacency matrix

N nodes i=1,..., N

J

.= { 1if(,j)) I E Symmetric

0if (i,)) € E for undirected networks
01 2 3 0 1

00100 -

110 11 9

2 0101

30110 3




Adjacency matrix

N nodes i1=1

1if(i,j) I E
0if (i,j) & E

1

2

w N O

oo O O O O
R = O B
R O O O
© O O Frr W

Non symmetric

for directed networks
0



Sparse graphs

Density of a graph D=|E|/(N(N-1)/2)

Number of edges
D=
Maximal number of edges
Sparse graph: D <<1 > Sparse adjacency matrix

% Representation: lists of neighbours of each node
(i, V(1))
V(i)=neighbourhood of i



Paths
G=(V,E)
Path of length n = ordered collection of
o n+1 vertices iy,iy,...,i, I V

A

e n edges (i), ()., i) TE

Cycle/loop = closed path (i,=1 )



Trees

A tree is a graph without loops/cycles

| * N nodes, N-1 links

W\ e » Maximal loopless
ek .; P graph
:_._. : v ;;:: .: t_% _;:'r' :: -. f-'_' i . .
o R R e * Minimal connected
B eI graph
:. 7 ’ '.-I..,ﬂ :: "‘l o adlfe



Paths and connectedness

G=(V,E) Is connected If and only If there exists
a path connecting any two nodes in G

is connected

*is not connected
*is formed by two components



Paths and connectedness

G=(V,E)=> distribution of components’ sizes

Glant component= component whose
size scales with the number of vertices N

Existence of a <:> Macroscopic fraction of
giant component the graph is connected



Shortest paths

Shortest path between i and j: minimum number
of traversed edges

. distance 1(i,j)=minimum
o— number of edges traversed
on a path between i and ]

1

Diameter of the graph= max(l(i,)))
Average shortest path= 2., 1(i,j)/(N(N-1)/2)

Complete graph: 1(i,j)=1 for all i,j
“Small-world”; “small” diameter



Small-world

N points, links with probability p:
static random graphs

° ./‘ .o.>

short distances

(log N)



Small-world

10— Average number of nodes
within a distance |

Airport Network

Scientific collaborations

Internet

AS (DIMES)

105 2 4 6 8




Centrality measures

How to quantify the importance of a node?

» Degree=number of neighbours=3, a,

(directed graphs: k.

in? out)



Betweenness centrality

for each pair of nodes (I,m) in the graph, there are
o™ shortest paths between | and m
o™ shortest paths going through |

b. Is the sum of o/™/ c'™over all pairs (I,m)

path-based quantity

@ b, is large
jo/Q/ b, is small

NB: similar quantity= load 1.=2 o/™

NB: generalization to edge betweenness centrality



Structure of neighborhoods

k
Clustering coefficient of a node

C(i) = # of links between 1,2,...n neighbors
1 (1) = k(k-1)/2

, 1
1 Cle) = ki(k; — 1) j;caijajkaik

Clustering: My friends will know each other with high probability!
(typical example: social networks)

c)

- ! - (! -




Statistical characterization

Degree distribution

List of degrees k,,k.,...,k, <= Not very useful!

*Histogram:
N,= number of nodes with degree k
*Distribution:
P(k)=N,/N=probability that a randomly chosen
node has degree k

Cumulative distribution:

P>(k)=probability that a randomly chosen
node has degree at least k




Statistical characterization

Degree distribution

P(k)=N,/N=probability that a randomly chosen
node has degree k

Average=< k > =2 k/N =3 k P(k)=2|E|/N

Sparse graphs: < k > << N

Fluctuations: < k?> - < k > 2
<k?>=2 Kk?/N =2 k?P(k)
< k> =2 k" P(k)




Topological heterogeneity
Statistical analysis of centrality measures:

P(k)=N,/N=probability that a randomly chosen

node has degree k
also: P(b), P(c)....

Two broad classes
*homogeneous networks: light tails
*heterogeneous networks: skewed, heavy tails



Topological heterogeneity
Statistical analysis of centrality measures
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Topological heterogeneity
Statistical analysis of centrality measures:
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P(k)

Exp. vs. Scale-Free

Poisson distribution Power-law distribution
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Consequences
Power-law tails
P(k) ~ k

Average=< k> = f k P(K)dk

Fluctuations
<k>-= f k2 P(k) dk ~ k3

k_=cut-otf due to finite-size

N — infinity => diverging degree fluctuations
fory <3

. L
Level of heterogeneity: |k = —7+

(k)




Other heterogenelty levels

10'[I [ T rrrrom T
2Fe . Airport network S
10 I 'l.... )
= . =
@104_ ..*'i' @ n
~ o teo 5
10°] 5 g
10°F ;
E | | | '| . o

' | | I EEERLL 1

[ ]
F T SCN ;
10 ""'tin N
— E oo, .
) = " 3
EIO B ™ N
E *

10° .
E i | o * .3

10" 10 10* 10

Betweenness
centrality



Degree Assortativity

Multipoint degree correlations

P(k): not enough to characterize a network

Large degree nodes tend to
connect to large degree nodes

Ex: social networks

Large degree nodes tend to
4
k connect to small degree nodes
Ex: technological networks




Multipoint degree correlations

Practical measure of correlations:

average degree of nearest neighbors

?’LTL’L_ Z k

JEV(”L)

k=4

k=4

=7 k:3 k _4
=(3+4+4+7)/4=4.5

IlIll



Statistical characterization

average degree of nearest neighbors

?’LTL’L_ Z k

]EV(@

Correlation spectrum:

putting together nodes which (k) = 1 Z k.
have the same degree

class of degree k

=Y KP(K'|k)
"




Typical correlations

« Assortative behaviour: growing k_ (k)

Example: social networks
Large sites are connected with large sites

 Disassortative behaviour: decreasing k. (k)

Example: internet

Large sites connected with small sites, hierarchical
structure



a330rtativ

k., (k)




Clustering Spectrum

Average clustering coefficient
C=2. C(i)/N

C(k) = Nik S o)

i/k;=k
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Welighted networks

Real world networks: links
* carry traffic (transport networks, Internet...)
* have different intensities (social networks...)

% General description: weights

i Wi )
o -*

a;:0orl
w,;: continuous variable



Welighted networks

Weights: on the links

Strength of a node:
S; = 2jive Wi

=>Naturally generalizes the degree to weighted networks

=>Quantifies for example the total traffic at a node



Welighted clustering

coefficient
, 1
O(Z) — kz(kz — 1) Zaz—jajhaih
JjF#h
1 i
Wij=1
wij=5
w - 1 Wij + Win
C (7,) — Sz(kz — 1) Zaija]ham 5
j7h
5,=16 - 5;=8
c¥=0.625 > C ¢¥=0.25 < c



Other heterogenelty levels

Airport network 3 Actors
TTTT | T T TTTI | T TTTTTm | TTTI 10 t ;;; | | IIIIII| | I;
E.“ﬂ““li g 2E Y 23

=3 »e, 3 10 .

o, "] e, .

= * = 10 e
- *, T a6F o, E

» 10 ™
E + = RE * =
a 4 10 [ '*.... N
E_LLLI,I,I | (AT | L LI | I'alo-lﬂﬁ | | IIIIII| | IIII| | IIIII| | ﬁ
4 6 23 1 0
10 10 w 10 10 10 10 10 w
| [ LLRLLL | T TTTITm | T TTTIT 100 [T IIIII| [ | IIIII| [ I TTTT
E "...‘.... { = L: e =
= ..... % 10-2- [ AE]
- -... — -4% -
% -, 1] ]
7, _] = . E
't,. 10-6_ .'-, B
E | [N | LLrrm | L L 5 'SE IIII| | | IIII| | | I#ﬁ
2 4 10 1 2

10 10 10 s 10 10 10 S

Weights

Strengths



	Diapositiva 1
	Diapositiva 2
	Diapositiva 3
	Diapositiva 4
	Diapositiva 5
	Diapositiva 6
	Diapositiva 7
	Diapositiva 8
	Diapositiva 9
	Diapositiva 10
	Diapositiva 11
	Diapositiva 12
	Diapositiva 13
	Diapositiva 14
	Diapositiva 15
	Diapositiva 16
	Diapositiva 17
	Diapositiva 18
	Diapositiva 19
	Diapositiva 20
	Diapositiva 21
	Diapositiva 22
	Diapositiva 23
	Diapositiva 24
	Diapositiva 25
	Diapositiva 26
	Diapositiva 27
	Diapositiva 28
	Diapositiva 29
	Diapositiva 30
	Diapositiva 31
	Diapositiva 32
	Diapositiva 33
	Diapositiva 34
	Diapositiva 35
	Diapositiva 36
	Diapositiva 37

