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Standard Theory of Neutrino Oscillations in Vacuum

[Eliezer, Swift, NPB 105 (1976) 45] , [Fritzsch, Minkowski, PLB 62 (1976) 72] , [Bilenky, Pontecorvo, Nuovo Cim. Lett. 17 (1976) 569]

[Bilenky, Pontecorvo, Phys. Rep. 41 (1978) 225]
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Pys(t) = Y Ui UskUajUp; exp [—i (B — Ej) 1]
k.

Relativistic Approximation 4+ Assumption pp = p = F

neutrinos with the same momentum}

propagate in the same direction

m2 2 Am%j 2 _ 2 2
Ek—\/p —I—m zp—l—% E+ﬁ — Ek—EjZ oF Amkj:mk—mj
Amk
. . N J
Approximation t ~ [, — ,,a_wﬂ g kUBkUQJUm exp 0T
P, vy (L) = E |U04k|2|U5k|2 < constant term

Amk]L o
+ 2Rez akUpkUaqjUg; exp < oscillating term
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Two-Neutrino Mixing (k = 1,2)

cost? sin? 5 5 5 5
U= Am* = Am5; = m5; — mj
—sintY cos?

Am?L
Transition Probability (o # 3): P,. v, (L, E) = sin® 29 sin” (;”—E)
Survival Probability (a = f3): P, v, (L,E)=1-P, _,,(L,E)
1
Averaged Transition Probability: (Pro—vg) = 5 sin? 24
1

Ll Ll Ll IIIIII/\ T LIRL III|II|III|‘ N AN R R T L
’ 1 i L

0.8 —
s 06 — Am?2 = 102 eV?2
D;d 0.4 — sin® 209 = 1
0.2 — M (E) =1GeV
X ] L AE = 0.2GeV
10° 103 10 107

L [km]

C. Giunti, Theory of Neutrino Oscillations, — 4




(A1)

(A2)

(A3)

(A4)

Main Assumptions of Standard Theory

Neutrinos are extremely relativistic particles OK!

Neutrinos produced in CC weak interaction processes together with charged

leptons o™ are described by the flavor state Va) V)
y Uik

Correct approximation for ultrarelativistic 's  [Giunti, kim, Lee, PRD 45 (1092) 2414]

Massive neutrino states |vg) have the same momentum pp =1p

(“Equal Momentum Assumption™) and different energies: FEp ~ E + %
Unrealistic assumption, forbidden by energy-momentum conservation and Lorentz

invariance, but gives correct result (as well as the “Equal Energy Assumption™)
[Winter, LNC 30 (1981) 101], [Giunti, Kim, FPL 14 (2001) 213], [Giunti, MPLA 16 (2001) 2363], [Giunti, hep-ph/0302026]

Propagation Time T ~ L Source-Detector Distance OKI

0
WAVE PACKETS
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Simplest Example of Neutrino Production: 7" = u*4+v, 7~ —pu” +7,

two-body decay = fixed kinematics E? = p; + m;

( 2\ 2 2 4
L L B PR B
P4 m2 2 m2 4m2

7 at rest: <

m2
0" order: my, =0 = pr, = Ex, = FE = Mr <1— —5) ~ 30 MeV
mﬂ'
m? m? 1 m?
15¢ order: Ek2E+§2—§ pk:E—(l—ﬁ)z—l’; §§< —m—g ~ (.2
\ /
general!
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Equal Momentum of Massive Neutrinos?
(standard assumption: neutrinos with same momentum propagate in same direction)

2
~ T (1 e\ M
pr~E—(1-¢) °F

the special case £ =1 = pr = p; = £ in general does not correspond to reality
BUT

for Extremely Relativistic Neutrinos the phase of P, ., is independent from &

Y

Equal Momentum Assumption gives correct Oscillation Phase
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Different Momentum Contributions <= Lorentz—Invariant Oscillations

i (,8)) = e FEPE ) = ug (2, 8) = Y Usp e PRI )

T
‘l/a(ﬂf,t» — Z ZU;ke—iEkt—l—ipkaBk |Vﬁ> |Vk; Z ng |V5>
_ B=e,u,T
B—eay‘a’r\ k P
‘Aya—)uﬁ (CB,t)
Transition Probability: P, uy(x,t) = \(1/5|1/a(:v,t)>|2 = |Avy s (x,t)|2
2

LORENTZ INVARIANT . .
Pua—n/g (x7 t) _ Z U;ks 6—zEkt+2pkw UBk
OSCILLATION PROBABILITY .

[Dolgov, Morozov, Okun, Shchepkin, NPB 502 (1997) 3], [Dolgov, hep-ph/0004032], [Dolgov, Phys. Rept. 370 (2002) 333],

[Giunti, Kim, FPL 14 (2001) 213], [Bilenky, Giunti, IJMPA 16 (2001) 3931], [Beuthe, Phys. Rept. 375 (2003) 105]

important: Flavor is Lorentz Invariant < different observers measure same P,
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ultrarelativistic neutrinos — t~x =L source-detector distance

Biophp_ ™k g Mg

Fit —pex ~ (B — L = — _ "k
Kt — Dk (Ex — px) By + B+ o o

2
Py, s (D) = D> U, e~ M LI2E g,
k
Am?
_ 2 kj
— Z|Uak| |U5k‘ —I—2Re§ kUBkUagUBJeXp< °F )
j

STANDARD OSCILLATION PROBABILITY!

Am?2 L AT E
25 =21 = L7 = ﬁ%] Oscillation Length
Py Z|Uak| Usk|* +2Re Y U UsrUq;Uj; exp | —2mi Lo
k>j J
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t~x =1 <= Wave Packets

(~~ Localization of Production and Detection Processes

Other Motivations:

~~ Exact Energy-Momentum conservation would imply
[Kayser, PRD 24 (1981) 110] <

creation and detection of only one massive neutrino
[Giunti, hep-ph/0302026]

(neutrino mass measurement)

m?
T=L1|1+0 —2)]
141 [ (E2

N 3
I
N~ o
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Corrections to 1T' = L

Size of wave packets is determined by coherence size of Production Process dip

(dtp = dxp because coherence region must be causally connected)

2

: : Dk my
velocity of neutrino wave packets: v, =-—~1— —%
Yy P k E, 2 F2
Wave packets arrive at Detection Process at different times: ¢, = — ~ L (1 +
Vg

mg >m; — U <V — tk>tj

2 2 2
average time: L NN (1 + "’9> mij _ 'k J

2 2F? 2

wave packets overlap with detection process = range of T ~ [t — dt,t + It]

Ot ~ \/5151% + 03
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phase of oscillations: Sy = (pr —pj) L — (Ex — E;)T

Ami jL
2F

2
T'=L = @ =-— correction: A®y; ~ — (B, — E;) (% L + 5t>

2 Am?. Am?2.L [ m?2. ot
Esz—l—f% — by —FE; ~¢ 2kj — A®p; ~ ¢ i ( A

E 2F 2E2 L
mg,; < E? (ultrarelativistic neutrinos) 0ot < Ly S L
) ( . . AmijL

flux energy spectrum oscillations observable if ®;; ~ 1 = m " 1

_|_

detector energy resolution , = ¢ 2 2

fy Aby, ~ Ami,L ( mg; N ot

distance uncertainty ) ’ 2k 212 L
. negligible negligible

phase practically constant during wave packets overlap with detection process

Very Important: £ is irrelevant = oscillations of ultrarelativistic neutrinos are indepen-
dent from the kinematics of the production process
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Coherence Length

[Nussinov, PLB 63 (1976) 201], [Kiers, Nussinov, Weiss, PRD 53 (1996) 537]

Wave Packets have different velocities and separate

different massive neutrinos can interfere
if and only if —> L < LCOh

wave packets arrive with dtx; < 0tp

|08k > v —v-ITN%L — LCQhN—\/5t2—I—5t2
U1 V1
(D) V2
Y !/ L~ L L > Lggh
< Stp > (6tp < 8tp) (6tp < otp)
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Quantum Mechanical Wave Packet Model

[Giunti, Kim, Lee, PRD 44 (1991) 3635], [Giunti, Kim, PRD 58 (1998) 017301]

also called “Intermediate Wave Packet Model” [Beuthe, Phys. Rept. 375 (2003) 105]

neglecting mass effects in amplitudes of production and detection processes

va) = S U2, / dpoF (9) va(p)) ve) = Uz / dp 2 (0) [v(p))
k k

.Aag(x,t) — <V5| e—z’Et—l—z’ﬁx ‘Va>

- ZU;k Uﬁk/dpwlf(p) D (1) o~ iEx(p)t-+ipe
k

Gaussian Approximation of Wave Packets

— . )? B Y
W (p) = (2m0%p) M exp [— @405:) ] WP ) = (2no7p) " exp [— (p4a§§) ]

the value of pj is determined by the production process (causality)
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2
Aaﬁ(x,t) 0.8 Z U;k ng /dp exp [_Z'Ek(p)t 4 ip:c . (p 40-];k)
k b

: 1 1 1
global energy-momentum uncertainty: — =5+ 5
OP O-pP O-pD

sharply peaked wave packets

op < B} (pi)/mi = En(p) = \/p? + m ~ By + vk (p — i)

OF .
Ey = Ex(px) = \/pi + m3 VE = £(P) _ Pk group velocity
8}9 _ Ek
P=Dk
Aop (@, t U, U Byt +i (@ — ogt)
o (T, )oczk: 2 Ust oxp | —iBit +iprw — =

suppression factor for |z — vit| 2 oy

due to size of wave packets

1 : : 2 2 2

Oy Op = = global space-time uncertainty: 0r = 0sp t0.D
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E2_ 2
—Et + prx = —(Ek—pk)x—l—Ek(ax—t):—k—pkx—kEk(x—t)
By + pr
2 2
g g
= ————zc+ b (r—-t)x————x+Ex(z—1
By + pi Sy k(@ =)
§ . m; , (x—'ukt)2
Aag(x,t)oc;UakUBk exp \_Zﬁajj_ZEk (:c—t)l— 102

standard phase for ¢t = = additional phase for t # x
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Space-Time Flavor Transition Probability

) ) , Amijx .
P.s(x,t) ZUak Uk Ua; Ug; exp —ZT—FZ(E]C—EJ')(ZE—t)
kaj . o~ = - /
standard phase for t =« additional phase for t # x
_ 2 2,9
(& —vkst)” (v —v;)7 8
X exp | — 5 — 5
. 4o R 80 )
suppression factor for  suppression factor due to
|z — Vgt 2 0 separation of wave packets
due to size of wave packets
2 2
Pk M oty Ty
E, 2F2 J 2 AE?2
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Oscillations in Space: P.s(L) x /dt P.s(L,t)

Gaussian integration over dt

Am L
Pas(D) o 32U Ui Uny Uy xp | 1
k,j
2 2 2
2 (vk —v;)” L*  (Ex — Ej)" o
N2 roZ TP T T2 402 242 00
k J k J x k J
~1 ~(AmZ,)" /8 E* ~e2(Am3, )’ /8 E?
(B, — B [ 1 2y )
X e — =
*P & ve + ’UJZ-
negl?éible
Ultrarel N Uz i
t tivisti trinos: ~F—(1—-&) —=£ E. ~ F —&
rarelativistic Neutrinos Dk (1—-¢&) o k +§ 5%
C. Giunti
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k,j

X exp

Pog(L) = ) Uy Uk Uaj Uj; exp

AmijL

y AmijL
2F

i

4v/2E20,

2
B 252 Am%j O
41F

j

Oscillation Lengths:

4 E

0SC __

kj

— )
Amkj

Coherence Lengths: L

coh 4\/§E2
Lo s
’ |Amij|

k,j

X exXp

Pog(L) = > U Ui Uaj U exp

i

L

coh
LS

L
Ly

[—27rz'
2 2
o)
o 2ﬂ-2€2 Oa;C
) (ij )
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_ -
: : 2 .9 Og
new localization term: exp | —2m°¢ —
kj

interference is suppressed for o, 2 L3 (& ~1)

equivalent to neutrino mass measurement

uncertainty of neutrino mass measurement: mi — E,% _pi

5?7?,% ~ \/(2 Ek 5Ek)2 + (2pk 5pk)2 ~ 4E0'p

1 |[Ami; | Ly |[Ami, [ L5
Op = 5 b= 4; ’ dSmi ~ ojx J

oy 2 Ly 5mi§|Amij|
U

I only one massive neutrino !
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Two-Neutrino Mixing: Decoherence for L > Lc°b

Am? =10"%eV?  sin?20=1 E=1GeV 0, =50MeV
4+/2 E?

Am?| 7

Tose _ 4T H

=3 = 2480 km Lcoh —
m

= 11163 km

1 1 1 IIIIII 1 LIEALI 1 II‘II'II' ,||I,, |II
N 1 " il U T T T
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Achievements of the Quantum Mechanical Wave Packet Model

ArE
Confirmed Standard Oscillation Length: = 7r_2
7 Amg,
4/ 2E*
Derived Coherence Length: LCOh \/_2 O
|Amkj‘

problem: flavor states in production and detection processes have to be assumed

vo) = 3 Ui / dpyF () e (0)) vs) = 2 Ui / dp YL () i (p))

calculation of neutrino production and detection?

i

Quantum Field Theoretical Wave Packet Model
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Quantum Field Model of Neutrino Oscillations with ex- [Giunti, Kim, Lee, Lee, PRD 48 (1993) 4310]
[Giunti, Kim, Lee, PLB 421 (1998) 237]
[Cardall, PRD 61 (2000) 073006]

ternal particles in Production and Detection processes de-

scribed by wave packets and intermediate virtual neutrino [Beuthe, PRD 66 (2002) 013003]
l/a—)l/g _
Pr — Pp + 0} + v, » vg + D; — Dp + {5
0+ also called “External Wave Packet Model”
(87

[Beuthe, Phys. Rept. 375 (2003) 105]

Dy

propagator

P, vy X Z{P]—>Pp+€:—|—vk >Vk+DI—>DF‘|—£§}
k

Confirmed Standard Oscillation Length Derived Coherence Length

| C. Giunti, Theory of Neutrino Oscillations, — 23 |




“philosophical” problem of External Wave Packet Model: neutrino has no properties!

in oscillation experiments neutrinos propagate as free particles over macroscopically large
distance, sometimes astronomical distances (solar, atmospheric neutrinos)

it must be possible to describe neutrinos in oscillation experiments with appropriate state,
as in the quantum-mechanical approach
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Neutrino Wave Packets in Quantum Field Theory

[Giunti, JHEP 11 (2002) 017]

also called “Interacting Wave Packet Model” [Beuthe, Phys. Rept. 375 (2003) 105]

In Quantum Field Theory f) o< (8 — 1)) ~ —i/d4a: Hi(x)|2)

Entangled Final State in Production Process: ~ o~ , 4
|Pr, 05,1y o —z/d xHi(z)|Pr)
Pr — Pp + {4 + v,

Disentangled by Interaction with Surrounding Medium (Measurement):

Va) & (Pp, 03| Pe, 5, 5,) o (P, 65| — i/d‘lx H;(z) | Pr)

Localization: x) = /d?’pwx(ﬁ;ﬁx, Tpy) | X (D5 hy)) (x = Pr, Pp,07)

Neutrino State: | |va) = No ¥ Ul / d3p =Sk (@) > AL (B,h) [ve(B, b))
k h
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I/B—I—D[%DF—FE;

Transition Amplitude: AQB(Z,T) (Dp, 45| — /d4x5{1( )| D1, vo(L,T))

Aas(L.T) o Y UsUpe 3 [ dp AL G WAR G, 1) e =500 mibn G171
k h

Ultrarelativistic Neutrinos

(L — vxT)*
4n?

Aap(L,T) o< Y Uk Uspexp | —iERT + ipy L —
k

2 2 2 2
n Naw_amP+0xD
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Space-Time Transition Probability:

Transition Probability in Space:

P.s(L,T)  [Aas(L, T)|?

Pos(L) o /dT Aas (L, T2

Ultrarelativistic Neutrinos: P,3(L) = Z \Uak\2|U5k\2
k

L
LS

Og

2
o 27T2C2 OSC
) (Lk:i

— 271

j

L
Lgoh

+2Re Y U UsrUq;Uj; exp
k> i
AT E
Oscillation Lengths: L% =
scillation Lengths kj Amij

w, ¢ depend on Production

coh  AV2wE?

Coherence Lengths: Li>" =
’ |Amij|

and Detection processes (w ~ 1, ( ~ 1)

C. Giunti, Theory of Neutrino Oscillations, — 27

Og



Estimates of Coherence Length

2 2
fose _ ATE _ (B/MeV) o AV2E? g (B?/MeVT) (ax) .
— — 9. =
Am? (Am?2/eV?) |Am?| (JAm2|/eV?) \m
Process |Am2| 1,05¢ o, 7,coh
T Y —3 12 16
at rest in vacuum: E ~ 30 MeV 2.5 x10 " eV 30 km Tr ~ 10m ~ 107" km
natural linewidth
il —3 12 —5 10
at rest in matter: E ~ 30 MeV 2.5 x10 eV 30 km Teol ~ 107" m | ~ 107" km
collision broadening
,u+—>e+—|—1/e—|—ﬂu 2 —10 2
at rest in matter: F < 50 MeV leV <125m | 7car ~ 100 " m | S 10%km
collision broadening
7Be—|—e_ — 7Li—|—1/e s g o .
in solar core: E ~ 0.86 MeV 7x10 eV 31km Teol ~ 10 "m | ~ 10" km

collision broadening
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Conclusions

Standard expression for Oscillation Length of Ultrarelativistic Neutrinos is robust.

Wave Packet Treatment is necessary for T' ~ L < Oscillations in Space.

Quantum Field Theoretical Wave Packet Models confirm Standard Oscillation
Length and allows to calculate Coherence Length.

Neutrino Unbound
http://www.nu.to.infn.it
Carlo Giunti & Marco Laveder

C. Giunti, Theory of Neutrino Oscillations, — 29




