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Fermion Mass Spectrum
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Dirac Mass

I Dirac Equation: (i /∂ −m) ν(x) = 0 with /∂ ≡ γµ∂µ

xµ = (x0, x1, x2, x3) = (x0,~x) = (t,~x), ∂µ =
∂

∂xµ

xµ = gµν xν , gµν = gµν = diag(1,−1,−1,−1)

I 4× 4 Dirac matrices defined by

{γµ, γν} ≡ γµγν + γνγµ = 2 gµν and γ0 γµ† γ0 = γµ

Useful properties (µ = 0, 1, 2, 3 and k = 1, 2, 3):

(γ0)† = γ0, (γk)† = −γk , (γ0)2 = 1, (γk)2 = −1

I Dirac Lagrangian: LD(x) = ν(x) (i /∂ −m) ν(x) with ν ≡ ν†γ0

I γ5 matrix: γ5 ≡ γ5 ≡ i γ0 γ1 γ2 γ3

Useful properties:
{
γ5, γµ

}
= 0, (γ5)

2 = 1, γ†5 = γ5
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I Chiral Left-handed and Right-handed Projectors:

PL ≡
1− γ5

2 , PR ≡
1 + γ5

2
P2

L = PL, P2
R = PR , PL + PR = 1, PLPR = PRPL = 0

I Chiral decomposition: ν = νL + νR

with νL ≡ PL ν and νR ≡ PR ν

L = νLi /∂νL + νR i /∂νR −m (νLνR + νRνL)

I In SM only νL by assumption =⇒ no neutrino mass
Note that all the other elementary fermion fields (charged leptons and
quarks) have both left and right-handed components

I Oscillation experiments have shown that neutrinos are massive
I Simplest and natural extension of the SM: consider also νR as for all the

other elementary fermion fields
I νR is a sterile neutrino field! No SM weak interactions!

[Pontecorvo, Sov. Phys. JETP 26 (1968) 984]
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Higgs Mechanism in the Standard Model

I Higgs Doublet: Φ(x) =
(
φ+(x)
φ0(x)

)
=⇒ |Φ|2 = Φ†Φ = φ†

+φ++φ†
0φ0

I Higgs Lagrangian: LHiggs = (DµΦ)
†(DµΦ)− V (|Φ|2)

I Higgs Potential: V (|Φ|2) = µ2|Φ|2 + λ|Φ|4

I µ2 < 0 and λ > 0 =⇒ V (|Φ|2) = λ
(
|Φ|2 − v2

2

)2

v ≡
√
−µ2

λ =
(√

2GF

)−1/2
' 246 GeV

I Vacuum: Vmin for |Φ|2 = v2

2 =⇒ 〈Φ〉 = 1√
2

(
0
v

)
I Spontaneous Symmetry Breaking: SU(2)L × U(1)Y → U(1)Q
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H

φ
+

φ
0

I Unitary Gauge: Φ(x) = 1√
2

(
0

v + H(x)

)
=⇒|Φ|2 = v2

2 + vH + 1
2 H2

I V = λ
(
|Φ|2 − v2

2

)2
= λv2H2 + λvH3 + λ

4 H4

mH =
√

2λv2 =
√
−2µ2 ' 126 GeV

−µ2 ' (89 GeV)2 λ = −µ2

v2 ' 0.13
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SM Extension: Dirac Neutrino Masses

I I3 Y Q = I3 + Y
2

SM left-handed
lepton doublet LL =

νL

`L

 1/2
1/2

−1/2
−1

0

−1
SM right-handed

charged lepton singlet `R 0 0 −2 −1
BSM right-handed

neutrino singlet νR 0 0 0 0

SM Higgs doublet Φ(x) =

φ+(x)

φ0(x)

 1/2
1/2

−1/2
+1

1

0

Third component of weak isospin: I3 =
σ3
2 =

1
2

(
1 0
0 −1

)
I3LL =

1
2

(
1 0
0 −1

)(
νL
`L

)
=

(
(1/2) νL
(−1/2) `L

)
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I I3 Y Q = I3 + Y
2

SM left-handed
lepton doublet LL =

νL

`L

 1/2
1/2

−1/2
−1

0

−1
SM right-handed

charged lepton singlet `R 0 0 −2 −1
BSM right-handed

neutrino singlet νR 0 0 0 0

SM Higgs doublet Φ(x) =

φ+(x)

φ0(x)

 1/2
1/2

−1/2
+1

1

0

Lepton-Higgs Yukawa Lagrangian:

LH,L = −y `LL Φ `R−yνLL Φ̃νR+H.c.
Y : +1+1−2 +1−1 0

with

Φ̃ = iσ2Φ
∗ =

(
φ∗

0(x)
−φ∗

+(x)

)
← Y = −1
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Invariance under SU(2)L

I SU(2)L transformation of doublets: LL → ULL and Φ→ UΦ
with

U = exp

(
i
2

3∑
k=1

θkσk

)

I Pauli matrices: σ1 =
( 0 1

1 0
)

σ2 =
( 0 −i

i 0
)

σ3 =
( 1 0

0 −1
)

(σk)
2 = 1 (σk)

† = σk (σk)
∗ = −σ2σkσ2

Therefore: U∗ = σ2Uσ2

I Φ̃ = iσ2Φ
∗ → iσ2U∗Φ∗ = iσ2σ2Uσ2Φ

∗ = Uiσ2Φ
∗ = UΦ̃

I Lepton-Higgs Yukawa terms:

LL Φ `R → LL U† U Φ `R = LL Φ `R
LL Φ̃ νR = LL U† U Φ̃ νR = LL Φ̃ νR
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Dirac Mass Generation

LL ≡
(
νL
`L

)
`R νR

Lepton-Higgs Yukawa Lagrangian

LH,L = −y ` LL Φ `R − yν LL Φ̃ νR + H.c.

Spontaneous Symmetry Breaking

Φ(x) = 1√
2

(
0

v + H(x)

)
Φ̃ = iσ2Φ

∗ =
1√
2

(
v + H(x)

0

)

LH,L = − y `

√
2
(
νL `L

)( 0
v + H(x)

)
`R

− yν

√
2
(
νL `L

)(v + H(x)
0

)
νR + H.c.
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LH,L = − y ` v√
2
`L `R − yν v√

2
νL νR

− y `

√
2
`L `R H − yν

√
2
νL νR H + H.c.

m` = y ` v√
2

mD
ν = yν v√

2

g`H =
y `

√
2
=

m`

v gνH =
yν

√
2
=

mD
ν

v

v =
(√

2GF

)−1/2
= 246 GeV

PROBLEM
Extremely small Yukawa couplings are needed to get mD

ν . 1 eV:

yν . 10−11 � ye ∼ 10−6

It is considered unnatural, unless there is a protecting BSM symmetry.
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Majorana Mass

I Neutrinos can have a Dirac mass if the singlet νR is added to the SM
νL.

I Can νL alone describe a massive neutrino?

Yes! (E. Majorana, 1937)

I Trick: νR and νL are not independent: νR = νc
L = C νL

T

charge-conjugation matrix: C γT
µ C−1 = −γµ

useful properties:


C† = C−1

CT = −C
C γT

5 C−1 = γ5
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I The relation between νR and νL must satisfy two requirements:
I It must have the correct chirality.

This is satisfied, because νc
L is right-handed: PRν

c
L = νc

L PLν
c
L = 0

To check, let us expand: νc
L = C νL

T = C (ν†L γ0)
T = C γT

0 ν∗L

PRν
c
L =

1 + γ5
2 C γT

0 ν∗L = C γT
0

1− γ5
2 ν∗L = C γT

0 ν∗L = νc
L

PLν
c
L =

1− γ5
2 C γT

0 ν∗L = C γT
0

1 + γ5
2 ν∗L = 0

I It must be compatible with the chiral Dirac equations
iγµ∂µνL = m νR
iγµ∂µνR = m νL

Check:
iγµ∂µνR = iγµ∂µCνL

T = iCC−1γµC∂µνL
T = −iC(γµ)T∂µνL

T

= −iC(∂µνLγ
µ)T = m CνR

T = m νL OK

I It can be shown that νR = νc
L is the only relation that satisfies these two

requirements.
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Majorana Lagrangian

Dirac Lagrangian

L D = ν (i /∂ −m) ν

= νLi /∂νL + νR i /∂νR −m (νR νL + νL νR)

νR → νc
L = C νL

T

1
2 L D → νL i /∂ νL −

m
2

(
−νT

L C† νL + νL C νL
T
)

Majorana Lagrangian

L M = νL i /∂ νL −
m
2

(
−νT

L C† νL + νL C νL
T
)

= νL i /∂ νL −
m
2
(
νc

L νL + νL ν
c
L
)
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I Two-component chiral Majorana field: νL or νR

I Four-component Majorana field:

ν = νL + νc
L or ν = νc

R + νR

I A four-component Majorana field is characterized by the Majorana
condition

ν = νc

I ν = νc implies the equality of particle and antiparticle

I Only neutral fermions can be Majorana particles

I For a Majorana field, the electromagnetic current vanishes identically:

νγµν = νcγµνc = −νTC†γµCνT = νCγµTC†ν = −νγµν = 0

I Majorana Lagrangian: L M =
1
2 ν (i /∂ −m) ν|ν=νc
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Total Lepton Number
Z

Z
ZZ�

�
��L = +1 ←− ν = νc −→

Z
Z
ZZ�

�
��L = −1

νL =⇒ L = +1 νc
L =⇒ L = −1

L M = νL i /∂ νL −
m
2
(
νc

L νL + νL ν
c
L
)

Total Lepton Number is not conserved: ∆L = ±2

Best process to find violation of Total Lepton Number:

Neutrinoless Double-β Decay

N (A,Z)→ N (A,Z + 2) + 2e− +��HH2ν̄e (ββ−
0ν)

N (A,Z)→ N (A,Z − 2) + 2e+ +��HH2νe (ββ+
0ν)
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Majorana Antineutrino Terminology
I A Majorana neutrino is the same as a Majorana antineutrino

I Neutrino interactions are described by the CC and NC Lagrangians

L CC
I,L = − g√

2

(
νL γ

µ `L Wµ + `L γ
µ νL W †

µ

)
L NC

I,ν = − g
2 cosϑW

νL γ
µ νL Zµ

I Dirac: νL

{
destroys left-handed neutrinos
creates right-handed antineutrinos

I Majorana: νL

{
destroys left-handed neutrinos
creates right-handed neutrinos

I Common implicit definitions:
left-handed Majorana neutrino ≡ neutrino
right-handed Majorana neutrino ≡ antineutrino
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No Majorana Neutrino Mass in the SM
I Majorana Mass Term ∝

[
νT

L C† νL − νL C νL
T ] involves only the neutrino

left-handed chiral field νL, which is present in the SM
I Eigenvalues of the weak isospin I, of its third component I3, of the hypercharge

Y and of the charge Q of the lepton and Higgs multiplets:

I I3 Y Q = I3 + Y
2

lepton doublet LL =

νL

`L

 1/2
1/2

−1/2
−1

0

−1

lepton singlet `R 0 0 −2 −1

Higgs doublet Φ(x) =

φ+(x)

φ0(x)

 1/2
1/2

−1/2
+1

1

0

I νT
L C† νL has I3 = 1 and Y = −2 =⇒ needed Y = 2 Higgs triplet (I = 1,

I3 = −1)
I Compare with Dirac Mass Term ∝ νRνL with I3 = 1/2 and Y = −1 balanced

by φ0 → v with I3 = −1/2 and Y = +1
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Beyond the Standard Model

I Since a νL Majorana neutrino mass violates the SM symmetries, in order
to get a neutrino mass term we have only the Dirac option, with the
introduction of νR .

I The introduction of νR leads us anyway Beyond the Standard Model
because they can have the Majorana mass term

LM ∼ mMνRν
c
R singlet under SM symmetries!

I This is beyond the Standard Model because mM is not generated by the
Higgs mechanism of the Standard Model ⇒ new physics is required.

I The Majorana mass term can be avoided by imposing lepton number
conservation which should anyway be explained by some physics beyond
the Standard Model.
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One-Generation Dirac-Majorana Mass Term

If νR exists, the most general mass term is the

Dirac-Majorana Mass Term

L D+M
mass = L D

mass + L L
mass + L R

mass

L D
mass = −mD νR νL + H.c. Standard Dirac Mass Term

L L
mass = −

1
2 mL ν

c
L νL + H.c.

νL Majorana Mass Term
Forbidden in the SM,
can be generated BSM

L R
mass = −

1
2 mR νR νc

R + H.c. νR Majorana Mass Term
Allowed in the SM
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I Column matrix of left-handed chiral fields: NL =

(
νL
νc

R

)
L D+M

mass = −1
2 Nc

L M NL + H.c. with M =

(
mL mD
mD mR

)
I The Dirac-Majorana Mass Term has the structure of a Majorana Mass

Term for two chiral neutrino fields coupled by the Dirac mass

I Diagonalization: NL = U nL with nL =

(
ν1L
ν2L

)
L D+M

mass = −1
2 nc

L UT M U nL + H.c.

UT M U =

(
m1 0
0 m2

)
with real mk ≥ 0

L D+M
mass = −1

2
∑

k=1,2
mk ν

c
kL νkL + H.c. = −1

2
∑

k=1,2
mk νk νk

νk = νkL + νc
kL =⇒ νk = νc

k Massive neutrinos are Majorana!
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Diagonalization of the Dirac-Majorana mass matrix

I Let us consider for simplicity mL = 0 =⇒ real mD and mR

M =

(
0 mD

mD mR

)
=⇒ UT M U =

(
m1 0
0 m2

)
with mk ≥ 0

I U = O ρ with O =

(
cosϑ sinϑ
− sinϑ cosϑ

)
and ρ =

(
i 0
0 1

)
tan 2ϑ = 2 mD

mR
=⇒ OT MO =

(
m′

1 0
0 m′

2

)

m′
2,1 =

1
2

[
mR ±

√
m2

R + 4 m2
D

]
I ρ is needed because m′

1 is negative:

UT MU = ρTOT MOρ =

(
−m′

1 0
0 m′

2

)
=

(
m1 0
0 m2

)
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One-Generation Active-Sterile Neutrino Mixing

I The left-handed active νL and left-handed sterile νc
R are superpositions

of the left-handed massive neutrino fields ν1L and ν2L:

NL = U nL =⇒
(
νL
νc

R

)
=

(
i cosϑ sinϑ
−i sinϑ cosϑ

)(
ν1L
ν2L

)
I We obtain explicit one-generation active-sterile neutrino mixing for νe ,

or νµ, or ντ with the simple change of notation (α = e, µ, τ)

ναL ≡ νL and νsL ≡ νc
R =⇒

(
ναL
νsL

)
=

(
i cosϑ sinϑ
−i sinϑ cosϑ

)(
ν1L
ν2L

)
I In other words, a charge-conjugated right-handed neutrino field is νc

R is
equivalent to a left-handed sterile neutrino field νsL that can mix with
any of the active neutrinos νe , νµ, ντ .
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Summary of 1G Dirac-Majorana Mixing

NL = U nL =⇒
(
νL
νc

R

)
=

(
i cosϑ sinϑ
−i sinϑ cosϑ

)(
ν1L
ν2L

)

UT MU = diag(m1,m2)
⇓(

i cosϑ −i sinϑ
sinϑ cosϑ

)(
0 mD

mD mR

)(
i cosϑ sinϑ
−i sinϑ cosϑ

)
=

(
m1 0
0 m2

)

tan 2ϑ = 2 mD
mR

m1 =
1
2

[√
m2

R + 4 m2
D −mR

]
m2 =

1
2

[√
m2

R + 4 m2
D + mR

]
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Dirac Limit
mR = 0

I m′
2,1 = ±mD =⇒ m1 = m2 = mD

I tan 2ϑ→∞ =⇒ ϑ = π/4 maximal mixing

νL =
iν1L + ν2L√

2
and νc

R =
−iν1L + ν2L√

2
=⇒ νR =

iνc
1L + νc

2L√
2

I The two Majorana fields ν1 = ν1L + νc
1L and ν2 = ν2L + νc

2L can be
combined to give one Dirac field:

ν = νL + νR =
i(ν1L + νc

1L) + (ν2L + νc
2L)√

2
=

iν1 + ν2√
2

I A Dirac field ν can always be split in two Majorana fields ν1 and ν2:

ν =
1
2 [(ν−νc) + (ν+νc)]

=
i√
2

(
−i ν − νc

√
2

)
+

1√
2

(
ν + νc
√

2

)
=

iν1 + ν2√
2

I A Dirac field is equivalent to two Majorana fields with the same mass.
I In this limit, obviously, there is no sterile neutrino.
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Pseudo-Dirac (or Quasi-Dirac) Neutrinos
mR � mD

I m′
2,1 '

mR
2 ±mD =⇒ m2,1 ' mD ±

mR
2

I The two massive Majorana neutrinos are almost degenerate in mass

I The best way to reveal pseudo-Dirac neutrinos are active-sterile neutrino
oscillations νL ←→ νc

R ≡ νsL due to the small squared-mass difference

∆m2 = m2
2 −m2

1 '
(

mD +
mR
2

)2
−
(

mD −
mR
2

)2
= 2mDmR

I The oscillations occur with practically maximal mixing:

tan 2ϑ = 2 mD
mR
� 1 =⇒ ϑ ' π

4
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Type-I Seesaw Mechanism
[Minkowski, PLB 67 (1977) 42; Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]

mR � mD
I mD . v ∼ 100 GeV is generated by SM Higgs Mechanism and is

protected by the SM symmetries

I mR is not protected by the SM symmetries =⇒ mR � v

I m′
1 ' −

m2
D

mR
m′

2 ' mR

 =⇒

 m1 '
m2

D
mR

m2 ' mR
ν2

ν1

I Natural explanation of smallness of neutrino masses

I The mixing angle is very small:

tan 2ϑ = 2 mD
mR
� 1 =⇒ ϑ ' mD

mR
� 1

I ν1 is composed mainly of active νL: ν1L ' −i νL observable

I ν2 is composed mainly of sterile νR : ν2L ' νc
R decoupled
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General 3+Ns Active-Sterile Neutrino Mixing

L D+M
mass = L D

mass + L L
mass + L R

mass

L D
mass = −

NS∑
i=1

∑
α=e,µ,τ

siR MD
iα ναL + H.c. → MD complex NS × 3

L L
mass = −

1
2

∑
α,β=e,µ,τ

νc
αL ML

αβ νβL +H.c. → ML complex symmetric 3× 3

L R
mass = −

1
2

NS∑
i,j=1

siR MR
ij sc

jR +H.c. → MR complex symmetric NS ×NS

NL ≡
(
νL
sC

R

)
with νL ≡

νeL
νµL
ντL

 and sC
R ≡

 sC
1R...

sC
NSR

 ≡
 νs1L

...
νsNS L


L D+M

mass = −1
2 Nc

L MD+M NL + H.c. with MD+M =

(
ML MDT

MD MR

)
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I MD+M =

(
ML MDT

MD MR

)
complex symmetric N ×N

with N = 3 + NS

I Diagonalization: NL = U nL with nL =

 ν1L
...

νNL


L D+M

mass = −1
2 nc

L U T MD+M U nL + H.c.

I U T MD+M U = M where

M = diag(m1, . . . ,mN ) with real mk ≥ 0
I N ×N mixing matrix:

νeL
νµL
ντL
νs1L

...
νsNs L

 =


Ue1 Ue2 Ue3 Ue4 ··· UeN
Uµ1 Uµ2 Uµ3 Uµ4 ··· UµN
Uτ1 Uτ2 Uτ3 Uτ4 ··· UτN
Us11 Us12 Us13 Us14 ··· Us1N

...
...

...
... . . . ...

UsNs 1 UsNs 2 UsNs 3 UsNs 4 ··· UsNs N




ν1L
ν2L
ν3L
ν4L
...

νNL


C. Giunti − Sterile Neutrinos in Physics, Astrophysics, Cosmology, Part III − GGI − 22-26 March 2021 − 29/60



I The N ×N = (3 + Ns)× (3 + Ns) mixing matrix can be written as

U =

(
V W
Y Z

)
I The 3× 3 square submatrix V describes the mixing of the three active

flavor neutrinos νe , νµ, ντ with the three “standard” light massive
neutrinos ν1, ν2, ν3:

V =

Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3


In the effective three-neutrino mixing approximation V → U is assumed
to be unitary.

I The 3× Ns rectangular submatrix W describes the mixing of νe , νµ, ντ
with the “non-standard” massive neutrinos ν4, . . ., νN :

W =

Ue4 · · · UeN
Uµ4 · · · UµN
Uτ4 · · · UτN
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MD+M =

(
ML MDT

MD MR

)
U =

(
V W
Y Z

)

I In general ML � MD: suppressed by SM symmetries.

I If MR � MD =⇒ seesaw mechanism with |W |, |Y | � |V |, |Z | and
mk>3 � mk≤3 =⇒ phenomenological decoupling of the sterile neutrinos
that are practically equivalent to the heavy νk>3 =⇒ small non-unitarity
of the effective 3× 3 low-energy mixing matrix V
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Non-Unitary Lepton Mixing

Standard Light Massive Neutrinos
ν1, ν3, ν3

Heavy Neutral Leptons (mk & 100 GeV)
ν4, . . . , νN

Ns = N − 3 “Heavy” Sterile Neutrinos
νs1 , . . . , νNs

UN×N =

Ue1 Ue2 Ue3 · · · UeN
Uµ1 Uµ2 Uµ3 · · · UµN

Uτ1 Uτ2 Uτ3 · · · UτN

...
...

...
. . .

...
UsNs 1 UsNs 2 UsNs 3 · · · UsNs N





N

Effective Low-Energy Mixing of Active Neutrinos (α = e, µ, τ)

|να〉 =
3∑

k=1
UN×N
αk |νk〉 =

3∑
k=1

Nαk |νk〉

Non-Unitary Effective 3× 3 Mixing Matrix N

C. Giunti − Sterile Neutrinos in Physics, Astrophysics, Cosmology, Part III − GGI − 22-26 March 2021 − 32/60



Pνα→νβ = |(NN†)αβ|2 − 4
∑
k>j

Re
[
N∗
αkNβkNαjN∗

βj
]
sin2

(
∆m2

kjL
4E

)

+ 2
∑
k>j

Im
[
N∗
αkNβkNαjN∗

βj
]
sin

(
∆m2

kjL
2E

)

Pνα→νβ (L = 0) = |(NN†)αβ|2 6= δαβ

Small zero-distance flavor conversion!

It is due to the non-orthogonality of the active flavors:

|να〉 =
3∑

k=1
Nαk |νk〉 =⇒


〈νβ|να〉 =

3∑
j,k=1
〈νj |N∗

βjNαk |νk〉

=
3∑

k=1
N∗
βkNαk 6= δαβ
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Weak Interactions
I Neutrino interactions are described by the charged-current (CC) and

neutral-current (NC) weak interaction Lagrangians

L CC
I,L = − g√

2

(
`L γ

µ νL W †
µ + νL γ

µ `L Wµ

)
L NC

I,ν = − g
2 cosϑW

νL γ
µ νL Zµ

I Mixing: NL = U nL =⇒
(
νL
sC

R

)
=

(
V W
Y Z

) ν1L
...

νNL


I Only the upper rectangular 3×N submatrix U =

(
V W

)
enters in CC

and NC weak interactions: νL = U nL

L CC
I,L = − g√

2

(
`L γ

µ U nL W †
µ + nL U† γµ `L Wµ

)
L NC

I,ν = − g
2 cosϑW

nL U† γµ U nL Zµ

I Since sterile neutrinos do not interact, the lower rectangular Ns ×N
submatrix

(
Y Z

)
is not measurable and hence phenomenologically

irrelevant.
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I Measurable rectangular 3×N mixing matrix:

U =
(
V W

)
=

Ue1 Ue2 Ue3 Ue4 · · · UeN
Uµ1 Uµ2 Uµ3 Uµ4 · · · UµN
Uτ1 Uτ2 Uτ3 Uτ4 · · · UτN


I Note that U is not unitary: UU† = 1, but U†U 6= 1!

UU† =

Ue1 Ue2 Ue3 Ue4 · · · UeN
Uµ1 Uµ2 Uµ3 Uµ4 · · · UµN
Uτ1 Uτ2 Uτ3 Uτ4 · · · UτN




U∗
e1 U∗

µ1 U∗
τ1

U∗
e2 U∗

µ2 U∗
τ2

U∗
e3 U∗

µ3 U∗
τ3

U∗
e4 U∗

µ4 U∗
τ4

...
...

...
U∗

eN U∗
µN U∗

τN


= 13×3
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I Measurable rectangular 3×N mixing matrix:

U =
(
V W

)
=

Ue1 Ue2 Ue3 Ue4 · · · UeN
Uµ1 Uµ2 Uµ3 Uµ4 · · · UµN
Uτ1 Uτ2 Uτ3 Uτ4 · · · UτN


I Note that U is not unitary: UU† = 1, but U†U 6= 1!

U†U =



U∗
e1 U∗

µ1 U∗
τ1

U∗
e2 U∗

µ2 U∗
τ2

U∗
e3 U∗

µ3 U∗
τ3

U∗
e4 U∗

µ4 U∗
τ4

...
...

...
U∗

eN U∗
µN U∗

τN


Ue1 Ue2 Ue3 Ue4 · · · UeN

Uµ1 Uµ2 Uµ3 Uµ4 · · · UµN
Uτ1 Uτ2 Uτ3 Uτ4 · · · UτN

 6= 1N×N
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I The GIM mechanism for neutral-current weak interactions does not work
in active-sterile neutrino mixing:

L NC
I,ν = − g

2 cosϑW
nL U†U γµ nL Zµ

I There can be neutral-current transitions among different massive
neutrinos.

I This effect is sometimes called flavor-changing neutral current (FCNC)
in analogy with that of quarks, that however are different, because all
quarks are defined as mass eigenstates.

I There is no lepton FCNC, because L NC
I,ν is diagonal in the flavor basis:

L NC
I,ν = − g

2 cosϑW
νL γ

µ νL Zµ = − g
2 cosϑW

∑
α=e,µ,τ

ναL γ
µ ναL Zµ

I There can be Z -mediated decay of heavy neutrinos:

νh → ν`1 + ν`2 + ν`3

[Schechter, Valle, PRD 22 (1980) 2227, PRD 25 (1982) 774]
Z

νh

νℓ3

νℓ2

νℓ1
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I The neutral-current decay νh → ν`1 + ν`2 + ν`3 is interesting, but
practically invisible.

I Heavy neutrinos (also called heavy neutral leptons) can have detectable
charged-current decays: [See: Levy, arXiv:1805.06419]

νh → `−α + ¯̀+
β + νβ

W+
νh

ℓ̄
+

β

νβ

ℓ−α

Uαh

νh → ¯̀+
α + `−β + ν̄β

W−

νh

ℓ
−

β

ν̄β

ℓ̄+α

U ∗

αh
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Example: Search for heavy neutral leptons in decays of W bosons produced
in 13 TeV pp collisions using prompt and displaced signatures with the
ATLAS detector [arXiv:1905.09787]
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Parameterization of the 3 + Ns Mixing Matrix
I Effective rectangular 3×N mixing matrix, with N = 3 + Ns :

U =

Ue1 Ue2 Ue3 Ue4 · · · UeN
Uµ1 Uµ2 Uµ3 Uµ4 · · · UµN
Uτ1 Uτ2 Uτ3 Uτ4 · · · UτN


I The number of physical mixing parameters is smaller than the number

necessary to parameterize the N ×N unitary matrix U .

I This is due to the arbitrariness of the mixing in the sterile sector, which
does not affect weak interactions. Any linear combination of the sterile
neutrinos is equivalent.

I The effective rectangular 3×N mixing matrix is not unitary:

UU† = 13×3, but U†U 6= 1N×N
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I How many mixing parameters?

I A rectangular 3×N matrix depends on 6N real parameters, but

UU† = 13×3 =⇒ 9 constraints

Nreal parameters = 6N − 9 = 6 (3 + Ns)− 9 = 9 + 6Ns

I But how many mixing angles and physical CP-violating phases?

I For example, we know that for Ns = 0 three phases can be eliminated by
rephasing the charged lepton fields and we have

3 mixing angles

3 physical CP-violating phases (one Dirac and 2 Majorana)

I Standard parameterization of the mixing matrix in three-neutrino mixing:

U(3ν) =


c12c13 s12c13 s13e−iδ13

−s12c23−c12s23s13eiδ13 c12c23−s12s23s13eiδ13 s23c13

s12s23−c12c23s13eiδ13 −c12s23−s12c23s13eiδ13 c23c13




1 0 0
0 eiλ2 0
0 0 eiλ3
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I The unitary N ×N matrix U can be written as

U = diag
(

e iωe , e iωµ , e iωτ , e iωs1 , . . . , e iωsNs

)[ N∏
a=1

N∏
b=a+1

W ab(ϑab , δab)

]
I Complex rotation in the a − b plane:[

W ab(ϑab , δab)
]

rs
= δrs + (cab − 1) (δraδsa + δrbδsb)

+ sab

(
e−iδabδraδsb − e iδabδrbδsa

)
I Example:

W 12(ϑ12, δ12) =



cosϑ12 sinϑ12e−iδ12 0 0 · · · 0
− sinϑ12e iδ12 cosϑ12 0 0 · · · 0

0 0 1 0 · · · 0
0 0 0 1 · · · 0
...

...
...

... . . . ...
0 0 0 0 · · · 1


I The effective 3×N mixing matrix U is made of the first 3 rows of U :

Truncation of the phases e iωs1 , . . . , e iωsNs

Truncation of the complex rotations W ab(ϑab , δab) with b > a > 3
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I Effective rectangular 3×N mixing matrix:

U = diag
(
e iωe , e iωµ , e iωτ

) [ 3∏
a=1

N∏
b=a+1

W ab(ϑab , δab)

]
3×N

I The three phases ω1, ω2, ω3 can be eliminated by rephasing the charged
lepton fields.

LCC = − g√
2

∑
α=e,µ,τ

N∑
k=1

`αLγ
ρUαkνkLW †

ρ + H.c.

`αL → e iωα`αL

LCC → −
g√
2

∑
α=e,µ,τ

N∑
k=1

`αLγ
ρe−iωαUαkνkLW †

ρ + H.c.
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I Physical effective rectangular 3×N mixing matrix:

U =

[ 3∏
a=1

N∏
b=a+1

W ab(ϑab , δab)

]
3×N

I How many complex rotations?

I For each value of a = 1, 2, 3 there are N − a values of b:
Ncomplex rotations = (N − 1) + (N − 2) + (N − 3)

= 3N − 6 = 3 (3 + Ns) = 3 + 3Ns

3 + 3Ns mixing angles

3 + 3Ns physical CP-violating phases

N − 1 = 2 + Ns phases are Majorana

1 + 2Ns phases are Dirac
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I Note that in the case under consideration none of the phases of the
complex rotations can be eliminated, because the Majorana mass
Lagrangian

Lmass =
1
2

N∑
k=1

mk

(
νT

kLC†νkL − νkLCνkL
T
)

is not invariant under rephasing of the neutrino fields

νkL → e iϕkνkL

I We distinguish the Majorana phases as those that could be eliminated
by rephasing the neutrino fields when the Majorana neutrino masses can
be neglected.

I Therefore the physical effects of the Majorana phases appear only in
|∆L| = 2 processes that are induced by the Majorana mass Lagrangian.

I Why there are only N − 1 Majorana phases when there are N massive
neutrino fields?
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I In general only 3 +N − 1 of the 3 +N phases of the 3 charged lepton
fields and N massive neutrino fields can be used to eliminate phases in
the neutrino mixing matrix.

I Weak Charged Current: jρ†W ,L = 2
∑

α=e,µ,τ

N∑
k=1

`αL γ
ρ Uαk νkL

`α → e iϕα `α (α = e, µ, τ) νk → e iϕk νk (k = 1, 2, 3)

jρ†W ,L → 2
∑

α=e,µ,τ

N∑
k=1

`αL e−iϕα γρ Uαk e iϕk νkL

jρ†W ,L → 2
∑

α=e,µ,τ

N∑
k=1

`αL e−i(ϕα−ϕ1)︸ ︷︷ ︸
3

γρ Uαk e i(ϕk−ϕ1)︸ ︷︷ ︸
N−1

νkL

I A common rephasing of the massive neutrino fields is equivalent to a
common rephasing of the charged lepton fields, which can only eliminate
an overall phase in diag

(
e iωe , e iωµ , e iωτ

)
, which has already been

eliminated.
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I Convenient parameterization scheme:

U =

[( 3∏
a=1

N∏
b=4

W ab

)
R23W 13R12

]
3×N

diag
(

1, e iλ21 , . . . , e iλN1
)

I Real rotation in the a − b plane: Rab = W ab(θab , 0).

I In the product of W ab(ϑab , δab) matrices one can eliminate an
unphysical phase δab for each value of the index b = 4, . . . ,N .

I For Ns = 0 we recover the standard parameterization in three-neutrino
mixing:

U(3ν) =
[
R23W 13R12]

3×3 diag
(

1, e iλ21 , e iλ31
)

=

 c12c13 s12c13 s13e−iδ13

−s12c23 − c12s23s13e iδ13 c12c23 − s12s23s13e iδ13 s23c13
s12s23 − c12c23s13e iδ13 −c12s23 − s12c23s13e iδ13 c23c13

1 0 0
0 e iλ21 0
0 0 e iλ31
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I It is convenient to choose the order of the real or complex rotations for
each index b ≥ 4 such that the rotations in the 3− b, 2− b and 1− b
planes are ordered from left to right.

I In this way, the first two lines, which are relevant for the study of the
oscillations of the experimentally more accessible flavor neutrinos νe and
νµ, are independent of the mixing angles and Dirac phases corresponding
to the rotations in all the 3− b planes for b ≥ 4.

I Moreover, the first line, which is relevant for the study of νe
disappearance, is independent also of the mixing angles and Dirac
phases corresponding to the rotations in the 2− b planes for b ≥ 3.

I Example:
U =

[
W 3NR2NW 1N · · ·W 34R24W 14R23W 13R12]

3×N
× diag

(
1, e iλ21 , . . . , e iλN1

)
I Another example:

U =
[
W 3N · · ·W 34W 2N · · ·W 24R1N · · ·R14R23W 13R12]

3×N
× diag

(
1, e iλ21 , . . . , e iλN1

)
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I 3 + 1 mixing:

U =
[
W 34R24W 14R23W 13R12]

3×4 diag
(

1, e iλ21 , e iλ31 , e iλ41
)

=


c12c13c14 s12c13c14 c14s13e−iδ13 s14e−iδ14

· · · · · · c13c24s23

−s13s14s24e i(δ14−δ13)
c14s24

· · · · · · · · · c14c24s34e−iδ34




1 0 0 0

0 e iλ21 0 0

0 0 e iλ31 0

0 0 0 e iλ41



I 3 + 2 mixing:

U =
[
W 35R25W 15W 34R24W 14R23W 13R12]

3×5 · · ·

=


c12c13c14c15 s12c13c14c15 c14c15s13e−iδ13 c15s14e−iδ14 s15e−iδ15

· · · · · · · · · c14c25s24

−s14s15s25e i(δ15−δ14)
c15s25

· · · · · · · · · · · · c15c25s35e−iδ35

 · · ·
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Neutrinoless Double-Beta Decay
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Figure 1: Representation of the energies of the A = 76 isobars. The single-beta decay (β)—green arrows—
between 76Ge and 76Se is energetically forbidden, hence leaving double beta (ββ)—pink arrow—as the
only decay channel. The two mass parabolas exist because of the pairing interaction that lowers the energy
of even Z—even N nuclei with respect to odd Z—odd N nuclei. For odd A nuclei there is a single mass
parabola, and all single-beta transitions are energetically allowed (taken from J. Menendez’s PhD thesis).

nuclei [3], with lifetimes in the range 1018–1022 y. The alternative is the neutrinoless double-
beta decay (0νββ), proposed by Furry [4] after the Majorana theory of the neutrino [5]. The
neutrinoless decay 0νββ can only take place if the neutrino is a massive Majorana particle
and demands an extension of the standard model of the electroweak interactions, because
it violates the lepton number conservation. Therefore, the observation of the double-beta
decay without emission of neutrinos will sign the Majorana character of the neutrino. The
corresponding nuclear reactions are the following:

A
ZXN−→A

Z+2XN−2 + 2e− + 2νe,

A
ZXN−→A

Z+2XN−2 + 2e−.
(1.1)

Currently, there is a number of experiments either taking place or expected for the
near future—see, for example, [6, 7] and Section 7.3.—devoted to detect this process and to
set up firmly the nature of neutrinos. Most stringent limits on the lifetime are of the order of
1025 y. A discussed claim for the existence of 0νββ decay in the isotope 76Ge (see Section 7.1)
declares that the half-life is about 2.2×1025 y [8]. Furthermore, the 0νββ decay is also sensitive
to the absolute scale of the neutrino masses (if the process is mediated by the so-called mass
mechanism), and hence to themass hierarchy (see Section 2). Since the half-life of the decay is
determined, together with the effective Majorana neutrino mass (defined later in Section 2),
by the nuclear matrix elements for the process NME, its knowledge is essential to predict the
most favorable decays and, once detection is achieved, to settle the neutrino mass scale and
hierarchy.

Another process of interest is the resonant double-electron capture which could
have lifetimes competitive with the neutrinoless double-beta decay ones only if there is a
degeneracy of the atomic mass of the initial and final states at the eV level [9]. For the
moment, high-precision mass measurements have discarded all the proposed candidates
(see [10] for a recent update of the subject). As in the neutrinoless double-beta decay,

Effective Majorana Neutrino Mass: mββ =
∑

k
U2

ek mk
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Two-Neutrino Double-β Decay: ∆L = 0

N (A,Z)→ N (A,Z + 2) + e− + e−

+ ν̄e + ν̄e

(T 2ν
1/2)

−1 = G2ν |M2ν |2

second order weak interaction
process

in the Standard Model
d u

d u

ν̄e

ν̄e

e
−

e
−

W
−

W
−

Neutrinoless Double-β Decay: ∆L = 2

N (A,Z)→ N (A,Z + 2)+ e− + e−

(T 0ν
1/2)

−1 = G0ν |M0ν |2 |mββ |2

effective
Majorana

mass
|mββ | =

∣∣∣∣∣∑
k

U2
ek mk

∣∣∣∣∣
d

d

mk

Uek

Uek

u

e
−

e
−

u
W

−

W
−

νkL

ν
c

kL
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Effective Majorana Neutrino Mass

mββ =
∑

k
U2

ek mk complex Uek ⇒ possible cancellations

mββ = |Ue1|2 m1 + |Ue2|2 e iα2 m2 + |Ue3|2 e iα3 m3

α2 = 2λ2 α3 = 2 (λ3 − δ13)

α2

α3

U
2

e1m1

mββ

Re[mββ]

U
2

e3m3

Im[mββ]

U
2

e2m2

α3

α2

U
2

e1m1 Re[mββ]

Im[mββ]

U
2

e3m3 U
2

e2m2

|mββ| = 0
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Predictions of 3ν-Mixing Paradigm
mββ =

∣∣|Ue1|2 m1 + |Ue2|2 e iα2 m2 + |Ue3|2 e iα3 m3
∣∣

Lightest mass:    m1    [eV]

|U
e
k
|2

m
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[e

V
]
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2
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Predictions of 3+1 Active-Sterile Mixing
mββ =

∣∣|Ue1|2 m1 + |Ue2|2 e iα21 m2 + |Ue3|2 e iα31 m3 + |Ue4|2 e iα41 m4
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ββ0ν Decay ⇔ Majorana Neutrino Mass
I |mββ | can vanish because of unfortunate cancellations among the ν1, ν2,

ν3 contributions or because neutrinos are Dirac particles.
I However, ββ0ν decay can be generated by another mechanism beyond

the Standard Model.
I In this case, a Majorana mass for νe is generated by radiative corrections:

d

d u

u

e−

e−

ββ0ν
=⇒

d

d u

u

e−

W+

W+

e−
ββ0ν

νc

eL

νeL

[Schechter, Valle, PRD 25 (1982) 2951; Takasugi, PLB 149 (1984) 372]

I Majorana Mass Term: LM
eL = −1

2 mee
(
νc

eL νeL + νeL ν
c
eL
)

I Very small four-loop diagram contribution: mee ∼ 10−24 eV
[Duerr, Lindner, Merle, JHEP 06 (2011) 091 (arXiv:1105.0901)]
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I In any case finding ββ0ν decay is important for

I Finding total Lepton number violation (∆L = ±2).

I Establishing the Majorana (or pseudo-Dirac) nature of neutrinos.

I On the other hand, even if ββ0ν decay is not found, it is not possible to
prove experimentally that neutrinos are Dirac particles, because

I A Dirac neutrino is equivalent to 2 Majorana neutrinos with the same mass.

I It is impossible to prove experimentally that the mass splitting is exactly
zero.

C. Giunti − Sterile Neutrinos in Physics, Astrophysics, Cosmology, Part III − GGI − 22-26 March 2021 − 58/60



Conclusions of Part III
I The most general BSM scenario with massive neutrinos is 3 + Ns

active-sterile neutrino mixing.
I Diagonalization of the 3 + Ns Dirac-Majorana Mass Term =⇒ 3 + Ns

massive Majorana neutrinos.
I If the mass matrix of the right-handed neutrino fields is generated by

very high-energy BSM physics, we have the seesaw mechanism that is a
very attractive and compelling way to generate small neutrino masses.

I In this case the sterile neutrinos are decoupled from observable
low-energy physics (standard effective three-neutrino mixing), with the
only possible observable effect of very small non-unitarity of the mixing
matrix.

I However, in general there is no constraint on the number and mass scale
of the sterile neutrinos.

I It is possible and interesting that there is low-energy new physics (maybe
connected with dark matter).

I Light neutral BSM fermions can mix with neutrinos: they are the sterile
neutrinos.
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Possible scenarios (in principle not incompatible):

I Very light sterile neutrinos with mass scale � 1 eV: may have effects in
solar neutrino phenomenology [de Holanda, Smirnov, PRD 69 (2004) 113002; PRD 83 (2011) 113011;

Das, Pulido, Picariello, PRD 79 (2009) 073010]

Experimental Daya Bay [arXiv:2002.00301] and RENO [arXiv:2006.07782] constraints
for 10−3 . ∆m2 . 10−1 eV2

I Light sterile neutrinos with mass scale ∼ 1 eV =⇒ short-baseline
neutrino oscillation anomalies (main topic of these lectures).

I Heavy sterile neutrinos with mass scale � 1 eV: could be Warm Dark
Matter at the keV scale [Asaka, Blanchet, Shaposhnikov, PLB 631 (2005) 151; Asaka, Shaposhnikov, PLB

620 (2005) 17; Asaka, Shaposhnikov, Kusenko, PLB 638 (2006) 401; Asaka, Laine, Shaposhnikov, JHEP 0606 (2006) 053,

JHEP 0701 (2007) 091] [Reviews: Kusenko, Phys. Rept. 481 (2009) 1; Boyarsky, Ruchayskiy, Shaposhnikov, Ann. Rev.

Nucl. Part. Sci. 59 (2009) 191; Boyarsky, Iakubovskyi, Ruchayskiy, Phys. Dark Univ. 1 (2012) 136; Drewes, IJMPE, 22

(2013) 1330019; White Paper, arXiv:1602.04816; Boyarsky, Drewes, Lasserre, Mertens, Ruchayskiy, arXiv:1807.07938] or
be detectable at LHC at the TeV scale (heavy neutral leptons) [Reviews:

Abada, Teixeira, arXiv:1812.08062; Senjanovic, arXiv:2011.01264]
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